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PREFACE. 

rnHE opportunity of a new edition has enabled the author 
-*- to make numerous additions to both the volumes of this 
treatise. To make room for these some less important matter 
has been omitted. Many of these additions have already appeared 
in the German translation of this work and this is particularly 
the case with the additions made to the second volume. In the 
seven or eight years which have elapsed since the translation was 
published the progress of the science has not been slow. Much 
new matter therefore has been introduced into both the volumes 
and this has been arranged either as new theorems or as examples 
according to their importance. 

The dynamical principles of the subject are given in this volume 
together with the more elementary applications, while the more 
difficult theories and problems appear in the second. Sometimes 
one case of a problem supplies an example sufficiently elementary 
to appear in this volume while the general theory is given in the 
next. For example, the small oscillations of a vertical top and 
the motion of a sphere on a rough plane are partly discussed 
here, but they are more fully treated of in the second volume. 
In order that the plan of the book may be understood, a short 
summary of the next volume has been added to the table of 
contents. 

Each chapter has been made as far as possible complete in 
itself. This arrangement is convenient for those who are already 
acauaint.p.d with dvnamics. as it enables them to direct their 



on the real subject of the book. He may therefore begin with 
D'Alembert's Principle and read only those parts of Chapter T. 
to which reference is made. Others may wish to pans on us 
soon as possible to the principles of Angular Momentum and 
Yis Viva. Though a different order may be found advisable for 
some readers, I have ventured to indicate a list of Articles to 
which those who are beginning dynamics should lirst turn their 
attention. 

As in the previous editions a chapter has beun devoted t;o the 
discussion of Motion in Two Dimensions. This course has been 
adopted because it seemed expedient to separate the difficulties 
of dynamics from, those of solid geometry. 

Throughout each chapter there will be found numerous ex- 
amples, many being very easy, while others are intended for tlie 
more advanced student. In order to obtain as great a variety 
of problems as possible, a collection has been added at the end 
of each chapter, taken from the Examination Papers which have 
been set in the University and in the Colleges. As these problems 
have been constructed by many different examiners, it is hoped 
that this selection will enable the student to acquire facility in 
solving all kinds of dynamical problems. 

There are many useful instruments and important experimental 
researches whose theories require only a knowledge of dynamics 
and which can be easily understood without any long or intricate 
description. It will be seen that m^ny of these have been selected 
as useful examples. 

Historical sketches have been attempted whenever they could 
be briefly given. Such notices, if not carried too far, add greatly 
to the interest of the subject. It is chiefly with the memoirs 
written since the early part of the last century that we are here 
concerned, and the number of these is so frreat t.hnt, n.nvt,hiiir 



time with variations. It is thus often difficult to ascertain who is 
the real author. It has therefore been found necessary to correct 
ome of the references given in the former editions and to add 
references where there were none before. 

The use of dots and accents for differential coefficients with 
regard to the time has been continued whenever a short notation 
was desirable. One objection to this notation is that the meaning 
of the symbol may be greatly changed by a slight error in the 
number of the dots or accents. As this might increase the 
difficulties of the subject to a beginner, the use of dots in the 
earlier chapters has been restricted chiefly to the working of 
examples, and care has been taken that the results should be 
clearly stated. 

EDWARD J. ROUTH. 
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EEEATUM IN VOL. II. 

Page 458, line 23. For "To these oscillations we add the complementary 
function" read "with these oscillations we compare those of the unloaded 
membrane." 



CHAPTER I 

MOMENTS OF INEETIA 

1. IN the subsequent pages of this work it will be found 
that certain integrals continually recur. It is therefore convenient 
to collect these into a preliminary chapter for reference. Though 
their bearing on dynamics may not be obvious beforehand, yet 
the student may be assured that it is as useful to be able to write 
down moments of inertia with facility as it is to be able to quote 
the centres of gravity of the elementary bodies. 

In addition however to these necessary propositions there are 
many others which are useful as giving a more complete view of 
the arrangement of the axes of inertia in a body. These also have 
been included in this chapter though they are not of the same 
importance as the former. 

2. All the integrals used in dynamics as well as those used 
in statics and some other branches of mixed mathematics are 
included in the one form 



z, 

where (a, /3, 7) have particular values. In statics two of these 
three exponents are usually zero, and the third is either unity 
or zero, according as we wish to find the numerator or denomi- 
nator of a coordinate of the centre of gravity. In dynamics of 
the three exponents one is zero, and the sum of the other two 
is usually equal to 2. The integral in all its generality has not 
yet been fully discussed, probably because only certain cases have 
any real utility. In the case in which the body considered is 
a homogeneous ellipsoid the value of the general integral has 
been found in gamma functions by Lejeune Dirichlet in Vol. iv. 
of Liouvilles Journal. His results were afterwards extended by 
Liouville in the same volume to the case of a heterogeneous 
ellipsoid in which the strata of uniform density are similar 
ellipsoids. 

In this treatise, it is intended chiefly to restrict ourselves to 
the consideration of moments and products of inertia, as being the 
only cases of the integral which are useful in dynamics. 

E. D. 1 




id of the system about that line. 

The If M be the mass of a system and k be such a quantity that 
.& 2 is its moment of inertia about a given straight line, then k is 
called the radius of gyration of the system about that line. 

The term " moment of inertia " was introduced by Euler, and 
has now come into general use wherever Rigid Dynamics is studied. 
It will be convenient for us to use the following additional terms. 

If the mass of every particle of a material system is multi- 
plied by the square of its distance from a given plane or from 
a given point, the sum of the products so formed is called the 
moment of inertia of the system with- reference to that plane or 
that point. 

If two straight lines Ox, Oy be taken as axes, and if the mass 
of every particle of the system be multiplied by its two co- 
ordinates x, y, the sum of the products so formed is called the 
product of inertia of the system about those two axes. 

This might, perhaps more conveniently, be called the product 
of inertia of the system with reference to the two coordinate 
planes am, yz. 

The term moment of inertia with regard to a plane seems to have been first used 
l>y M. Biuet in the Journal Poly technique, 1813. 

4. Let a body be referred to any rectangular axes Ox, Oy, Oz 
meeting in a point 0, and let as, y, z be the coordinates of any 
particle ra, then according to these definitions the moments of 
inertia about the axes of x, y, z respectively will be 

A = Sm (if + z-\ B = 2m (z 2 + a 2 ), = 2m (a? + f). 

The moments of inertia with regard to the planes yz, zx, toy, 
respectively, will be 

A' = 2,ma?, B' = 2m?/ 2 , C" = 2mz 2 . 
The products of inertia with regard to the axes yz, zx, xy will be 

D ^myz, E 2mzx, F-= "Zmxy. 
Lastly, the moment of inertia with regard to the origin will be 

H = 2m O 2 + ^ + z-} = 2mr 2 , 
where r is the distance of the particle m from the origin. 

5. Elementary Propositions. The following propositions 
may be established without difficulty, and will serve as illustrations 



axes meeting an a given point is always tne same ; 
and is equal to twice the moment of inertia with respect to that 
point. For A+-B + C=22m(x2+y2 + z z )=:22mr", and is therefore independent 
of the directions of the axes. 

(3) The sum of the moments of inertia of a system with 
reference to any plane through a given point and its normal at 
that point is constant and equal to the moment of inertia of the 
System with reference to that point. Take the given point as origin and 
the plane as the plane of xy, then C' + C=Smr 2 , which is independent of 'the 
directions of the axes. 

Hence we infer that 
A'*=$(B + C-A), B' = %(C + A-B}, and C' = (A + B-C). 

(4>) Any product of inertia as D cannot numerically be so 
great as ^A. 

(5) If A, B, F are the moments and product of inertia of a 
lamina about two rectangular axes in its plane, then AB is greater 
than F~. If * be any quantity we have AP+2Fti-B = '2,m(yt+xf = a. positive 
quantity. Hence the roots of the quadratic At z +'2Ft + B = Q are imaginary, and 
therefore AB>F 2 . 

(6) Prove that for any body 



(7) The moment of inertia of the surface of a sphere of 
radius a and mass M about any diameter is Iff a 2 . Since every element 

is equally distant from the centre its moment of inertia about the centre is Her. 
Hence by (2) the result follows. 

(8) The moment of inertia of the surface of a hemisphere 
of radius a and mass M about every diameter is Iff a 2 . This follows 
immediately from (7) by completing the sphere, writing 2M for M and halving the 
result. 

6. It is clear that the process of finding moments _and products 
of inertia is merely that of integration. We may illustrate this 
by the following example. 

To find the moment of inertia of a uniform triangular plate 
about an axis in its plane passing through one angular point. 

Let ABC be the triangle, Ay the axis about which the moment 
is required. Draw Ax perpendicular to Ay and produce BC to 
meet Ay in D. The given triangle ABC may be regarded as the 

12 




base AD, and let PQ cut Ax in M. 
Let ft be the distance of the angular 
point B from the axis Ay, AM = x 
and AD = I. 

Then the elementary area PQP'Q' 

Q _ /g 

is clearly Z , da?, and its moment 



, 
of inertia about Ay is 



o _ 
3 



, 
dx . a?, 



where p is the mass per unit of 
area. Hence the moment of inertia 
of the triangle ABD 



Similarly if 7 be the distance of the angular point G from the 
axis Ay, the moment of inertia of the triangle AGD is T VA^7 S - 
Hence the moment of inertia of the given triangle ABO is 
^%/jd (ft 3 7 s ). Now ^ I ft and 7 are the areas of the triangles 
ABD, AGD. Hence if M be the mass of the triangle ABC, the 
moment of inertia of the triangle about the axis Ay is 



Ex. If each element of the mass of the triangle be multiplied by the nth power 
of its distance from the straight line through the angle A, then it may be proved in 

2M fl n+1 - 7 n+1 
the same way that the sum of the products is j- 7 v>\ 3 

7. When the body is a lamina the moment of inertia about an 
axis perpendicular to its plane is equal to the sum of the moments 
of inertia about any two rectangular axes in its plane drawn from 
the point where the former axis meets the plane. 

For let the axis of z be taken normal "to the plane, then, if 
A, B, G are the moments of inertia about the axes, we have 

A = 2m?/ 2 , B = ^mx 2 . G = 2m 



and therefore G = A + B. 

We may apply this theorem to the case of the triangle. Let 
ft', 7' be the distances of the points B, G from the axis Ax. Then 
the moment of inertia of the triangle about a normal to the plane 
of the triangle through the point A is 

+ Bv -f rv 2 + B' 2 + B'rJ + nA. 



of inertia about that axis is C=Ma 2 . Since A=B, the result follows at once. 

8. Reference Table. The following moments of inertia 
occur so frequently that they have been collected together for 
reference. The reader is advised to commit to memory the following 
table : 

The moment of inertia of 

(1) A rectangle whose sides are 2<z and 26 

about an axis through its centre in its plane per-) _ a 2 - 

pendicular to the side 2a j = mass 3 ' 

about an axis through its centre perpendicu-] _ a 2 + 6 2 t. 
lar to its plane j = mass 3 

(2) An ellipse semi-axes a and 6 

about the major axis a = mass -7- , 

o? 

about the minor axis 6 = mass -7- . 

4 

about an axis perpendicular to its plane] _ a- + 6 2 
through the centre j ~ mass ~~^~ ' 

In the particular case of a circle of radius a, the moment of 

Q? 

inertia about a diam eter = mass , : and that about a perpen- 

ji 

a? 
dicular to its plane through the centre = mass = . 

(3) An ellipsoid semi-axes a, b, c 

about the axis a = mass - . 

5 

In the particular case of a sphere of radius a the moment 

2 

of inertia about a diameter = mass -=, a 2 . 

5 

(4) A right solid whose sides are 2a, 26, 2c 

about an axis through its centre perpendicular] _ 6 2 + c 2 
to the plane containing the sides 6 and c J ~ mass g 

These results may be all included in one rule, which the author 
has long used as an assistance to the memory. 

Moment of inertia] (sum of squares of perpendicular 

about an axis \ _ semi-axes) 

of symmetry j ~ mass 3, 4 or 5 ' 

. Thp. denominator is to bp, 3 4 or 5. n.p.nordincr a,s thfi hoHv is 



j.u. uts me mass. 



JLL we require uiic muiiieuu auuuu &, JJGI- 
pendicular to its plane through the centre, we notice that the 
perpendicular semi-axes are each equal to a and the moment 

yy2 _i (j% /y2 

required is therefore M - = M -~ . 



9. As the process for determining these moments of inertia is very nearly the 
same for all these cases, it will be sufficient to consider only two instances. 

To determine the moment of inertia of an ellipse about the minor axis. 

Let the equation of the ellipse be 




y = - ,Ja z - a; 2 . Take any elementary area 

CL 

PQ parallel to the axis of y, then clearly 
the moment of inertia is 

[ a ^ f a / 

Jo a jo 

where /*, is the mass of a unit of area. 



To integrate this, put x = a sin <f>, and the integral becomes 

7T 

r2 l-cos4</> ira 



[2 
"Jo 



16 ' 
a 2 



.. the moment of inertia =u.irab =mass . . 

4 4 

In the same way we may show that the product of inertia of an elliptic quadrant 

, . ., . db 

about its axis = mass ^ . 

To determine the moment of inertia of an ellipsoid about a principal diameter. 

O Let the equation of the ellipsoid 

/J.2 y% Z 2 

be , + Tn + , = 1. Take any ele- 
ct- o 2 c 2 

mentary area PNQ parallel to the 
plane of yz. Its area is evidently 
irPN . QN. Now PN is the value 
of z when y=0, and QN the value 
of y when z = Q, as obtained from 
the equation of the ellipsoid ; 




/. the area of the element = =- (a 2 - x 2 } . 

CL 



- - . 
5 5 

In the same way we may show that the product of inertia of the octant of an 

ellipsoid about the axis of (x, y)=mass ~. 

OTT 

Ex. 1. The moment of inertia of an arc of a circle whose radius is a and which 
subtends an angle 2a at the centre about an axis 

(a) through its centre perpendicular to its plane = Ma?, 

(b) through its middle point perpendicular to its plane = 2, (l - B ^ a \ a?, 

(c) about the diameter which bisects the arc= M ( I - sin2aS \ 

\ 2a J 2 

Ex. 2. The moment of inertia of the part of the area of a parabola cut off by 
any ordinate at a distance x from the vertex is %Mx s about the tangent at the 
vertex, and M?/ a about the principal diameter, where y is the ordinate corre- 
sponding to x. 

Ex. 3. The moment of inertia of the area of the lemniecate r 2 =a 2 cos20 about 
a line through the origin in its plane and perpendicular to its axis is Ma 2 (Sir + 8)/48. 

Ex. 4. A lamina is bounded by four rectangular hyperbolas, two of them have 
the axes of coordinates for asymptotes, and the other two have the axes for 
principal diameters. Prove that the sum of the moments of inertia of the lamina 
about the coordinate axes is J (a 2 - a' 2 ) (/9 2 - @'' 2 ), where a, a'; /S, /3' are the semi- 
major axes of the hyperbolas. 

Take the equations xy = u, x' i -y i =v, then the two moments of inertia are 
B=ftx 2 Jdudv and A=$$y s Jdudv, where I// is the Jacobian of (u, v) with, regard 
to (.-B, y). This gives at once A+B = %^dudv, where the limits are clearly u=a 2 
tott = ia' 2 , v = /3 2 to i;=|3' 2 . 

Ex. 5. A lamina is bounded on two sides by two similar ellipses, the ratio of 
the axes in each being m, and on the other two sides by two similar hyperbolas, the 
ratio of the axes in each being n. These four curves have their principal diameters 
along the coordinate axes. Prove that the product of inertia about the coordinate 

axes is - - ;, . -, where a, a' ; B. &' are the semi-major axes of the curves. 

4 (w' + n 2 ) > > r r j 

Ex. 6. If da- is an element of the surface of a sphere referred to any rect- 

/4?r 
x? n da-=y -r 2n + 2 , where r is the 

radius of the sphere and n is integral. 

Ex. 7. Taking the same axes as in the last example, prove that 



L(n) ' 

where n=/H- g + h and L (/) stands for the quotient of the product of all the natural 
numbers up to 2/ by the product of the same numbers up to /, both included. 
To prove this, we notice that by the last example we have 



L 
J 



JL (n) 
where a, 6, c are the semi-axes and the rest of the notation is the same as before. 

This result follows at once from the corresponding one for a spherical shell by 
the method of projections. The corresponding integral when the indices of x, y, z 
are any quantities and the integration extends over an octant of the surface is given 
by Dirichlet's theorem in gamma functions. 

Ex. 9. Show that the volume F, the surface S, and the moment of inertia I 
with regard to the plane perpendicular to the coordinate x 1 , of the sphere in space 
of 71 dimensions, whose equation is x i - + x z 2 + ... +# Tl 2 =r 2 , are given by 

s=V, 



These results follow easily from Dirichlet's theorem. See also Art. 5 (2). 

10. Method of Differentiation. Many moments of inertia 
may be deduced from those given in Art. 8 by the method of differen- 
tiation. Thus the moment of inertia of a solid ellipsoid of uniform 

4 Z> 2 + c 2 

density p about the axis of a is known to be ^ irabcp = . Let 

o o 

the ellipsoid increase indefinitely little in size, then the moment of 

inertia of the enclosed shell is d \- Trabcp - I . 

(o 5 j 

This differentiation can be effected as soon as the law according 
to which the ellipsoid alters is given. Suppose the bounding 
ellipsoids to be similar, and let the ratio of the axes in each be 
given by b=pa, c = qa. Then 

iff _}- 2 

moment of inertia of solid ellipsoid = ^vrppq a 5 ; 

5 



/. moment of inertia of shell = ^ppq (p 2 + of) a*da. 
In the same way the mass of solid ellipsoid ^Trppqa 8 ; 

.'. mass of shell = 4>7rppqa 2 da. 

Hence the moment of inertia of an indefinitely thin ellipsoidal 
shell of mass M bounded by similar ellipsoids is %M (Z> 2 + c 2 ). 



By reference to Art. 8, it will be seen that this is the same as 
the moment of inertia of the circumscribing right solid of equal 
mass. These two bodies therefore have equal moments of inertia 
about their axes of symmetry at the centre of gravity. 



of a homogeneous body of density D, bounded by any surface of 
uniform density, to be known. Let this when expressed in terms 
of some parameter a be <f> (a) D. Then the moment of inertia of a 
stratum of density D will be <j6' (a) Dda. Replacing D by the 
variable density p,the moment of inertia required will be/p<'(a) da. 

Ex. 1. Show that the moment of inertia of a heterogeneous ellipsoid about the 
major axis, the strata of uniform density being similar concentric ellipsoids, and 
the density along the major axis varying as the distance from the centre, is 
$M (b z +c). 

Ex. 2. The moment of inertia of a heterogeneous ellipse about the minor axis, 
the strata of uniform density being confocal ellipses and the density along the 

, ,. . , j, . 3M 

minor axis varying as the distance from the centre, is - 



12. Other methods of finding moments of inertia. The 

moments of inertia given in the table in Art. 8 are only a few of 
those in continual use. The moments of inertia of an ellipse, for 
example, about its principal axes are there given, but we shall 
also frequently want its moments of inertia about other axes. It 
is of course possible to find these in each separate case by integra- 
tion. But this is a tedious process, and it may be often avoided 
by the use of the two following propositions. 

The moments of inertia of a body about certain axes through 
its centre of gravity, which we may take as axes of reference, are 
regarded as given in the table. In order to find the moment of 
inertia of that body about any other axis we shall investigate : 

(1) A method of comparing the required moment of inertia 
with that about a parallel axis through the centre of gravity. This 
is the theorem of parallel axes. 

(2) A method of determining the moment of inertia about 
this parallel axis in terms of the given moments of inertia about 
the axes of reference. This is the theorem of the six constants of 
a body. 

13. Theorem of Parallel Axes. Given the moments and 
products of inertia about all axes through the centre of gravity of a 
body, to deduce the moments and products about all parallel axes. 

The .momejnt oLJaarM&^La system of bodies abo_ut_aiiy_3Jda is 
eqii?y^Q"tnVlm^^e^_^^er^a" about.. jZj^LPaJlaLaxiribhr^gh the 
centre olHFav^^ f i"gl!Jf^^ 



^ 
The product of inertia about any two axes is equal to the 



tne centre or gravity about the original axes. 

Firstly, take the axis about which the moment of inertia is 
required as the axis of z. Let m be the mass of any particle of 
the body, which generally will be any small element. Let #, y, z 
be the coordinates of m, x, y, z those of the centre of gravity G of 
the whole system of bodies, as ', y' , z those of m, referred to a system 
of parallel axes through the centre of gravity. 



_ j x 51'W7 z 

Then since -= , _, , -=? are the coordinates of the 



centre of gravity of the system referred to the centre of gravity > 
as the origin, it follows that 2w#' = 0, ^my' = 0, 2m/ = 0. 

The moment of inertia of the system about the axis of z is 



= 2ra (* 2 + 2/ 2 ) + 2m 

Now 2m(x 2 + 2/ 2 ) is the moment of inertia of a mass 2m 
collected at the centre of gravity, and 2m (' 2 + 2/' 2 ) -^ tne m o men t 
of inertia of the system about an axis through Gr, also 2ma/ = 0, 
^my' ; whence the proposition is proved. 

It follows from this theorem, that, of all axes parallel to a 
given straight line that one has the least moment of inertia which 
passes through the centre of gravity. 

Secondly, take the axes of x, y as the axes about which the 
product of inertia is required. The product required is 

= 2m ocy = %m (x + #') (y + y'), 
= 'xy . 2m + 2 



Now xy . 2w is the product of inertia of a mass Xm collected 
at G and ^mx'y' is the product of the whole system about axes 
through G ; whence the proposition is proved. 

Let there be two parallel axes A and B at distances a and b 
from the centre of gravity of the body. Then, if M be the mass 
of the material system, 

moment of inertia) ., (moment of inertia ,, 
, , . \-Ma 2 =\ , . D -Mb 2 . 

about A } ( about B 

Hence when the moment of inertia of a body about one axis 



bime t of any particle of mass m. Let also x, y, z\ x, y, 2 
he resolved velocities and accelerations of the same particle, 
e the dots represent as usual differentiations with regard to 
time. Suppose 

F= Xm< (x, x, x, y, y, y, z, z, z} 

e a given function depending on the structure and motion of 
system, the summation extending throughout the system, 
let < be an algebraic function of the first or second order. 
3 <jb may consist of such terms as 

ax 2 + bxy + cz 2 + eyz +fx + 

:e a, b, c, &c. are some constants. Then the following general 
3iple will hold. 

Fhe value of V for any system of coordinates is equal to the 
3 of V obtained for a parallel system of coordinates with the 
*e of gravity for origin plus the value of V for the whole mass 
cted at the centre of gravity with reference to the first system of 
iinates. 

?or let x, y, z be the coordinates of the centre of gravity, and 
, &c., .'. x x + x, &c. 

since </> is an algebraic function of the second order of 
, x ; y, &c. it is evident that on making the above sub- 
ition and expanding, the process of squaring &c. will lead to 
e sets of terms, those containing only x, x, x, &c., those 
aining the products of x, x', &c., and lastly those containing 
x', x', &c. The first of these will on the whole make up 
, x, &c.), and the last < (x' } x', &c.). 

ce V= Sra< (x, x, . . .) + Sm</> (x r , x' + ...) 

+ Sm (Axis' + Bxx' + Gxy' -...), 
re A, B, (7, &c. are some constants. 

[Slow the term ^ l m(xx'') is the same as xZmx', and this 
shes. For since 2raa/ = 0, it follows that Sm#' = 0. Simi- 
r all the other terms in the second line vanish. 

Eence the value of V is reduced to two terms. But the first 
hese is the value of V for the whole mass collected at the 
ire of gravity, and the second of these the value of V for 
whole system referred to the centre of gravity as origin, 
ice the proposition is proved. 
The proposition would obviously be true if as, y, z, or any 

,^, ^ . . , ,v> , _ _1. 4. ' J-V>~ , 




moments and products of inertia about three straight lines at right 
angles meeting in a point, to deduce the moments and products of 
inertia about all other axes meeting in that point. 

Take these three straight lines as the axes of coordinates. 
Let A, B, G be the moments of inertia about the axes of as, y, z\ 
D, E, F the products of inertia about the axes of yz, zx, coy. Let 
a, /9, 7 be the direction-cosines of any straight line through the 
origin, then the moment of inertia / of the body about that line 
will be given by the equation 

I = Act? 



Let P be any point of the body at which a mass m is situated, 
and let ao, y, z be the coordinates of P. 
Let ON be the line whose direction- 
cosines are a, /3, 7, draw PN perpendicular 
to ON. 




Since ON is the projection of OP, it is 
clearly = xa. + yjB + zy, also 
OP 2 = a? + y 2 + z\ and 1 = a 2 + /3 2 + y 2 . 

The moment of inertia I about ON=%mPN 2 
= 2m { 2 + y 2 + z*-(ax + /3y + yz) 2 } 
= 2m {(a 2 + y 2 + z 2 ) (a 2 + /3 2 + 7 2 ) - (ax + fiy + yz)-} 
= 2m (2/ 2 + 2 2 ) a 2 + 2m (z 2 + a 2 ) /S 2 + 2m (a 2 + y 2 ) 7 2 

22m7/^ . ^7 22m.z# . 7 22w#y . a/5 
= J.cr + Bp + Cy- - 2D/37 - 2^a - 2 Fa/3. 

It may be shown in exactly the same manner that if A', B', 0' 
be the moments of inertia with regard to the planes yz, zac, xy, 
that the moment of inertia with regard to the plane whose 
direction-cosines are a, /3, 7 is 

I' = A' a 2 + B'/3 2 + Cy + 2D/3 7 + 2&ya + 2Fa/3. 

It should be remarked that this formula differs from that 
giving the moment of inertia about a straight line in the signs 
of the three last terms. 

16. When three straight lines at right angles and meeting in 
a given point are such that if they be taken as axes of coordinates 
all the products ^mxy, 'S.myz, ~2,mzoc vanish, these are said to be 
Principal Axes at the given point. 

The three planes which pass each through two principal axes 
civo nall^rl tilt P. PW-w.m/nnr.Z Pln.np.K a.t thfi crivp.n nnint 



i at the origin. In this case the expression takes the simple 
i I=Aa. z + B/3 n ~+Cf. 

A method will presently be given by which we can always 

these axes, but in some simpler cases we may determine 

r position by inspection. Let the body be symmetrical about 

plane of xy. Then for every element m on one side of the 

le whose coordinates are (x, y, 2) there is another element of 

al mass on the other side whose coordinates are (x, y, - z). 

ice for such a body ^masz = and ^myz = 0. If the body be 

mina in the plane of xy, then the z of every element is zero, 

we have again ^mxz = 0, "Zmyz = 0. 

Recurring to the table in Art. 8, we see that in every case the 
3, about which the moments of inertia are given, are principal 
3. Thus in the case of the ellipsoid, the three principal 
ions are all planes of symmetry, and therefore, by what has 
been said, the principal diameters are principal axes of 
:tia. In applying the fundamental formula of Art. 15 to any 
y mentioned in the table, we may therefore always use the 
lined form given in this article. 



7. Examples. Let MS now consider how the two important propositions of 
. IB and 15 are to be applied in practice. 

2x. 1. Suppose we want the moment of inertia of an elliptic area of mass M 
semi-axes a and b about a diameter making an angle 6 with the major axis. The 
lents of inertia about the axes of a and b respectively are |J/6 2 and \Ma?. 
irt. 16 the moment of inertia about the diameter is %Mb z cos 2 9 + %Ma 2 sin 2 8. 
be the length of the diameter this is known from the equation of the ellipse to 



, ., . , . 

ae same as $- , which is a very convenient form in practice. 

2x. 2. Suppose we want the moment of inertia of the same ellipse about 

ngent. Let p be the perpendicular from the centre on the tangent, then by 

13, the required moment is equal to the moment of inertia about a parallel 

through the centre together withMy 2 =-j ^-+Mp"= p 2 , since pr=ab. 

3x. 3. As an example of a different kind, let us find the moment of inertia of 
illipsoid of mass M and semi-axes (a, 6, c) with regard to a diametral plane whose 
ction-cosines referred to the principal planes are (a, p, y). By Art. 8, the moments 
lertia with regard to the principal axes are-pf (& 2 + c 2 ), iM(c" + a"), $M(a z + l~). 
ice by Art. 5, the moments of inertia with regard to the principal planes are 
i 2 , %MIP, -|Mc 2 . Hence the required moment of inertia is \M (a'-a? + b-p~ + &f). 
> be the perpendicular on the parallel tangent plane, we know by solid geometry 
i this is the same as %Mp-. 
Ex. 4. The moment of inertia of a rectangle whose sides are 2a, 2& about 



jj.a.. u. j.1 n,^, n>2 uo uijo latin yi gyration Ul nil eiuplio ittimuiBi auuuu owu 

conjugate diameters, then ^-r, + , a = 4{ -* + ~s\ 
' c i ' C 2~ \ a ""/ 

Ex. 6. The sum of the moments of inertia of an elliptic area about any two 
tangents at right angles is always the same. 

Ex. 7. If M be the mass of a right cone, a its altitude and 6 the radius of the 
base, then the moment of inertia about the axis is M-f-^b 2 ; that about a straight 
line through the vertex perpendicular to the axis is M-8-(a 2 + & 2 ), that about a slant 



side M-fi s--T2 > * na * a kout a perpendicular to the axis through the centre of 
gravity is Jf^ T (a 2 + 4i 2 ). 

Ex. 8. If a be the altitude of a right cylinder, b the radius of the base, then 
the moment of inertia about the axis is JM& 2 and that about a straight line through 
the centre of gravity perpendicular to the axis is 



Ex. 9. The moment of inertia of a body of mass M about a straight line whose 
equation is - 7 = - - = - referred to any rectangular axes meeting at the 

I 771 ?t 

centre of gravity is 

AP + JBi 2 + Cn~ - ZDmn - ZJEnl - ZFlm + M {/" + <? 2 + 7i 2 - (fl + gm + hn)*}, 
where (I, m, n) are the direction-cosines of the straight line. 

Ex. 10. The moment of inertia of an elliptic disc whose equation is 

= 0, 



about a diameter parallel to the axis of x. is .-. - nr-f. , where M is the mass and 

4 (ac - o j ) 2 

If is the determinant ac - b- + 2bed ~ ae~ - cd z , usually called the discriminant. 

Ex. 11. The moment of inertia of the elliptic disc whose equation in areal 
coordinates is (f>(x, y, z) = about a diameter parallel to the side a is 

/A\ 2 H f d d\ = 
_ Ti/r i _ \ _ i _ _ \ fh 

M \a) <2K* (dy dz) *> 
whore A is the area, H the discriminant and K the bordered discriminant. 

18. Method of transformation of axes. The method used in Art. 15 to 
find the moment of inertia about the straight line ON is really equivalent to a 
change of coordinate axes in which this straight line is taken as a new axis, say, 
of , those of TJ and f not being required. We may now generalize this into a 
method which is often of great practical use. 

Let us suppose that <f> (f , 17, f) is any quadratic function, say 



and that it is required to find 2??i0 (, >?, f ) the summation extending throughout 

any body. 

e ~ f Select some convenient set of axes which we may call x, y, z 

having the same origin such that the six constants of the body, 

a P y viz. Sma; 2 , IZmy 2 , 2mz a , "Zmxy, 2myz, JZmzx, are all known or can 
a ft y be easily found. Let the direction-cosines of these axes be given 



., , , 

ioice to be made, the formula reduces to the convenient form 
2m<t> (, '7, f ) = 4> (. fr 7) 2ms 2 + (', (3', y) 2 my 2 + $ ( a ^ 
using this formula, the coefficient of 2mo; 2 is obtained by substituting for 
) in (j> (, -n, f ) the direction-cosines of the new axis of x, i.e. the cosines in 
,w of the diagram marked x. The coefficient of Siny* may be obtained by 
tuting the direction-cosines of the new axis of ij, i.e. the cosines in the row 
d y, and so on. 

it he required to change the origin of coordinates also, this may be done by 
Dlication of the theorem in Art. 14. 

the body is a triangular area or a tetrahedral volume, the value of the integral 
nay be written down at sight when the coordinates of the corners of the body 
ven. We have merely to replace the body by any convenient system of cqui- 
ital points, see Art. 36. 

:. 1. The coordinates of the centre of an elliptic area are (/, g, h) and the 
ion-cosines of its axes are fa, /3, 7) (a', /3', 7'), prove that 
S7wf a = M (7i 2 + a V + i&Y 2 ). 

:. 2. Let Ox, Oy, Oz be the principal axes at the origin, prove that the 
ct of inertia F' 'Zm^ about two rectangular axes 0, Oi\ whose directions 
, a', a") (/3, /3', /3") is given by either of the formulae 

2m(ft = a/SSmz 2 + a'0'2mz/ 2 + a"/3"Sm2 2 

= - a/3/t - a'/3'B - a"p"C. 

ie first result is seen at once to be true by substituting the values of 
iven above; and the second result follows immediately from the first since 
'/3' + a"/3" = 0. These are very simple formulae to find products of inertia. 

i. 3. Let (7, 7', 7") be the direction-cosines of a fixed axis Of. Then as 
t) turn round Of, prove that both D' 2 + ' 2 and A'B' -F' 2 are constant where 
, C', D', E', F' are the moments and products of inertia of the body referred 
se moving axes. 

irbyBx. 2, -D'=Ap-y + B^'y' +Cp"y", -E' = Aaj + Ba'y'+Ca"y" ; 

.-. JD'2 + E ' 2 = 4 2 7 2 (a? + 13 2 ) + 2A Byy' (aaf + $3') + &o. ; 
a 2 + /3 2 = 1 - 7 2 = y' 2 + y" 2 and aa' -f /3/3' = - 77' we have 

D' 2 + E' 2 = (A - J5)2 ( 7 y) 2 + (B - C) 2 (y'y"?+(C - ^) 2 (j"y?- 
milarly A'B' - F'* =BCy* + QAy'- + ABy" 2 . 

.9. The Ellipsoids of Inertia. The expression which has 
. found in Art. 15 for the moment of inertia! about a straight 
whose direction-cosines are (a, /9, 7), 

I = Ao? + Bp + Cy* - 2J9/37 - 2#ya - 2Fafr- 
its of a very useful geometrical interpretation. 

jet a radius vector OQ move in any manner about the given 
t 0, and be of such length that the moment of inertia about 
w,otr V./1 m nn i nn >+ifvnnl f.n t.V>A inverse snuare of the length. 



Hence the polar equation of the locus of Q is 
= Aa? + B/3* + Crf - W/3j - 2Eya 

JLl; 

Transforming to Cartesian coordinates, we have 



which is the equation of a quadric. Thus to every point of 
a material body there is a corresponding quadric which possesses 
the property that the moment of inertia about any radius vector 
is represented by the inverse square of that radius vector. The 
convenience of this construction is, that the relations which exist 
between the moments of inertia about straight lines meeting at 
any given point may be discovered by help of the known properties 
of a quadric. 

Since a moment of inertia is essentially positive, being by 
definition the sum of a number of squares, it is clear that every 
radius vector R must be real. Hence the quadric is always an 
ellipsoid. It is called the momental ellipsoid, and was first used 
by Cauchy, Exercic.es de Math. Vol. n. 

So much has been written on the ellipsoids of inertia that it is difficult to deter- 
mine what is really due to each of the various authors. The reader will find much 
information on these points in Prof. Cayley's report to the British Association on 
the Special Problems of Dynamics, 1862. 

20. The Invariants. The momental ellipsoid is defined by 
a geometrical property, viz. that any radius vector is equal to some 
constant divided by the square root of the moment of inertia 
about that radius vector. Hence whatever coordinate axes are 
taken, we must always arrive at the same ellipsoid. If therefore 
the momental ellipsoid be referred to any set of rectangular axes, 
the coefficients of X 2 , F 2 , Z 2 , -2YZ,- 2ZX, - 2XY in its equa- 
tion will still represent the moments and products of inertia about 
these axes. 

Since the discriminating cubic determines the lengths of the 
axes of the ellipsoid, it follows that its coefficients are unaltered 
by a transformation of axes. But these coefficients are 

A+B + C, 

AB + BC+CA -&-E*- F\ 

ABC - WEF - J.D 2 - BE 2 - CF\ 

Hence for all rectangular axes having the same origin, these are 



may ue usea as a momenta! euipsom. 

|- When the body is a plane lamina, a section of the ellipsoid 

corresponding to any point in the lamina by the plane of the 
lamina, is called a mo-mental ellipse at that point. 

, . , If principal axes at any point of a body be taken as axes of 

';' coordinates, the equation of the momental ellipsoid takes the 

I' simple form AX" + BY* + CZ* = .Me 4 , where M is the mass and e 4 

i any constant. Let us now apply this to some simple cases. 

Ex. 1. To find the momental ellipsoid at the centre of a material elliptic disc. 
*i Taking the same notation as before, we have A ^MIP, J3 = jM. 2 , C=J.iU(ci 2 H-Z> 2 ). 

l. : Hence the ellipsoid is $Ml) z X* + l[Ma-Y'- + $M (iP + h") Z*=Me*. 

!'" x'~ F- / 1 1 

Since e is any constant, this may be written + TTT + , + 
J a- b- \a~ 

When # = 0, this becomes an ellipse similar to the boundary of given disc. Hence 
j.. we ini'er that the momental ellipse at the centre of au elliptic area is any similar 

and similarly situated ellipse. This also follows from Art. 17, Ex. 1. 

' Ex. 2. To find tlic. momeutal ellipsoid at any point of a material straight rod 

All of in ana M and length 2a. Let the straight line OA B be the axis of x, the 
origin, G the middle point of AJi t OG = c. If the material line can be regarded 
as indefinitely thin, /i = 0, 7? = A/(? l 2 + <j a ) = C r , hence the momeutal ellipsoid is 
Y--\-X~ = e'", where e' is any constant. The momental ellipsoid is therefore an 
elongated spheroid, which becomes a right cylinder having the straight line for 
axin, when the rod becomes indefinitely thin. 

> Kx. S5. The inoinontal ellipsoid at the centre of a material ellipsoid is 

(//* + c") X 2 -I- (c- + a") Y~ + (a- + b' 2 ) Z" = '', 

where e is any conntant. It should be noticed that the lowjest and shortest axes of 
;. the. tiunncutal ellipsoid c.oiiicidu 'in direction with the longest and shortest axes 

respectively of the material ellipsoid. 

22. Convorsely, wo may show that any ellipsoid being given, a real material 
body can be found of which it in the. momental ellipsoid provided the sum of the 
> s(2>t(tr<'s of the reciprocals of any two of its axes -is yreater than the square of the 

reciprocal of the third. 

v 

' For let tho moments of inertia about the principal diameters be A=K/a z , 

jfi' A'/fr", C = KI<:'A, then by Art. 5 it is necessary that the sum of any two of the 

'' thruo A, II, C should be greater than the third. Again, this condition is sufficient, 
for if we place two particles on each principal diameter, at such distances from the 
, ->-jJ, -!=</, ^7-, and of such masses, m, m', m", that 



thuHH Hix particles will have tho principal diameters for principal axes, and the 
given quantities, A, J), C, for their principal moments of inertia. 

23. Elementary Properties of Principal Axes. By a 

consideration of some simple properties of ellipsoids, the following 



I/O (// KlbU&OU UjlLUJ UlVUIMV \MKI\JUIIVI i/vtvu^. 

For, in the moinental ellipsoid, the moment of inertia aboi 
a radius vector from the centre is least when that radius vectc 
is greatest and vice versa. And it is evident that the greatest an 
least radii vectores are two of the principal diameters. 

It follows by Art. 5 that of the moments of inertia with regar 
to all planes passing through a given point, that with regard t 
one principal plane is greatest and with regard to another is leas 

II. If the three principal moments at any point are equc 
to each other, the ellipsoid becomes a sphere. Every diameter 
then a principal diameter, and the radii vectores are all equs 
Hence every straight line through is a principal axis at 0, an 
the moments of inertia about them are all equal. 

For example, the perpendiculars from the centre of gravity i 
a cube on the three faces are principal axes ; for, the body heir 
referred to them as axes, we clearly have 'Zmxy = 0, ^myz = \ 
^mzx = 0. Also the three moments of inertia about them are t 
symmetry equal. Hence every axis through the centre of gravif 
of a cube is a principal axis, and the moments of inertia aboi 
them are all equal. 

Next suppose the body to be a regular solid. Consider tv\ 
planes drawn through the centre of gravity each parallel to a fac 
of the solid. The relations of these two planes to the solid ai 
in all respects the same. Hence also the momental ellipsoid i 
the centre of gravity must be similarly situated with regard 1 
each of these planes, and the same is true for planes parallel to a 
the faces. Hence the ellipsoid must be a sphere and the momei 
of inertia will be the same about every axis. 

Ex. 1. Three equal particles A, B, C are placed at the corners of an equilatei 
triangle; prove that the momental ellipse at their centre of gravity G is a circle. 

By symmetry the diameters GA, GB, GC of the momental ellipse at G must 
equal. The ellipse is therefore a circle. 

Ex. 2. Four equal particles are placed at the corners of a tetrahedron. If t: 
momental ellipsoid at their centre of gravity is a sphere, prove that the tetrahedn 
is regular. 

Ex. 3. Any point in a body being given and any plane drawn through 
prove that two straight lines at right angles can be drawn in this plane through 
such that the product of inertia about them is zero. 

These are the axes of the section of the momental ellipsoid at the point 
formed by the given plane. 

24. At every point of a material system there are always thr 
principal axes at right angles to each other. 

r^nnofrnnt. t.ViP mnmpnf.fl.l fillinsmrl nt f.Tio rriuon rvnin-fc T'Vion 
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diameters as axes, these coefficients vanish. Hence the principal 
diameters of the ellipsoid are the principal axes of the system. 
But every ellipsoid has at least three principal diameters, hence 
every material system has at least three principal axes. 

25. Ex. 1. The principal axes at the centre of gravity being the axes of 
reference, prove that the momental ellipsoid at the point (p, q, r) is 



-ZrpZX- 
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when referred to its centre as origin. 

Ex. 2. Show that the cubic equation to find the three principal moments of 
inertia at any point (p, q, r) may be written in the form of a determinant 

J A 

- q- - ? -2 pq rp = 0. 



rp qr ___p-_ r 

If (I, m, n) be proportional to the direction-cosines of the axes corresponding to 
any one of the values of I, their values may be found from the equations 

{ I - (A + Mq z + Mr 2 ) } I + Mpqm + Mrpn = 0, 

Mpq I + {I - (B + Mr- 4- Mp 2 ) } m + Mqrn = U , 

Mrpl + Mqrm + {I- (0 + Mp 2 + Mq~) }n = Q. 
Thus (I, vi, n) are proportional to the minors of the constituents of any row of the 
determinant. 

Ex. 3. If S = be the equation to the momental ellipsoid at the centre of 
gravity referred to any rectangular axes written in the form given in Art. 19, 
then the momental ellipsoid at the point P whose coordinates are (p, q, r) is 



Hence show (1) that the conjugate planes of the straight line OP in the momental 
ellipsoids at and P are parallel and (2) that the sections perpendicular to OP 
have their axes parallel. 

26. Ellipsoid of Gyration. The reciprocal surface of the 
momental ellipsoid is another ellipsoid, which has also been em- 
ployed to represent, geometrically, the positions of the principal 
axes and the moment of inertia about any line. 

We shall require the following elementary proposition. The reciprocal surface 

r 2 11 - z- 

of the ellipsoid ' ; + ^ + -s=l is the ellipsoid a. 2 .i; 2 + Z>y + c 2 z 2 =e 4 . 
a- h" c- 5 

Let ON be the perpendicular from the origin on the tangent plane at any 
point P of the first . ellipsoid, and let I, m, nbe the direction-cosines of ON, then 
Produce ON to Q so that OQ=e^jON, then Q is a point 

no T.of- ftf) 73 . *'i //,272 i ;,2,,,2 ,,a2\ D2 nUonninn 



another series of similar ellipsoids coaxial with the first, and such 
that the moments of inertia of the body about the perpendiculars 
on the tangent planes to any one ellipsoid are proportional to 
the squares of those perpendiculars. It is, however, convenient 
to call that particular ellipsoid the ellipsoid of gyration which 
makes the moment of inertia about a perpendicular on a tangent 
plane equal to the product of the mass into the square of that 
perpendicular. If M be the mass of the body and A, B, the 
principal moments, the equation of the ellipsoid of gyration is 
Z_ 2 P> Z_* _ \_ 
A + B + M ' 

It is clear that the constant on the right-haud side must be 
I/if, for when F and Z are put equal to zero, MX- must by 
definition be A. 

27. Conversely, the series of momental ellipsoids at any point 
of a body may be regarded as the reciprocals, with different con- 
stants, of the ellipsoid of gyration at that point. They are all of 
an opposite shape to the ellipsoid of gyration, having their longest 
axes in the direction of the shortest axis and their shortest axes 
in the direction of the longest axis of the ellipsoid of gyration. 
The momental ellipsoids however resemble the general shape of 
the body more nearly than the ellipsoid of gyration. They are 
protuberant where the body is protuberant and compressed where 
the body is compressed. The exact reverse of this is the case in 
the ellipsoid of gyration. See Art. 22, Ex. 3. 

28. Ex. 1. To find the ellipsoid of gyration at the centre of a material elliptic 
disc. Taking the values of A, B, C given in Art. 22, Ex. 1, we see that the 

X~ Y^ Z" 1 

ellipsoid of gyration is -pr H - + -5 ^ = 7 . 
o- a- a- + b 2 4 

Ex. 2. The ellipsoid of gyration at any point of a material rod AB is 
.Y 2 Y 2 Z 2 

V- + :, 2 o + r~2 <> = 1' taking the notation of Art. 21, Ex. 2. It is thus a very 

flat spheroid which, when the rod is indefinitely thin, becomes a circular area, whose 
centre is at 0, whose radius is */Ja 2 + c 2 and whose plane is perpendicular to the rod. 
Ex. 3. It may be shown that the general equation of the ellipsoid of gyration 
referred to any set of rectangular axes meeting at the given point of the body is 

A -F ~E MX = 0, 
-F B -D MY 

-E -D C HZ 

MX MY MZ M 

or, when expanded, 
(C-D 2 ) X* + (CA -JE2) Y* + (AB - F*) if 2 + 2 (AD + EF) YZ + 2 (BE + FD) ZX 

+ 2 (CF+LE) XY= i (ABC - AD 2 - BE** - CF 2 - WEF). 

The I'ieht-hand Side, when milltinlifid hv M. is thp rUcnriminaiit. nht.ni-norl Viv 
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has been suggested by Legendre in his Fonctions Elliptiques. 
This ellipsoid is to be regarded as a homogeneous solid of such 
density that its mass is equal to that of the body. By Art. 8, 
Ex. 3 3 it possesses the property that its moments of inertia with 
regard to its principal axes, and therefore by Art. 15 its moments 
of inertia with regard to all planes and axes, are the same as 
those of the body. We may call this ellipsoid the equimomental 
ellipsoid or Legendre's ellipsoid. 

Ex. If a plane move so that the moment of inertia with regard to it is always 
proportional to the square of the perpendicular from the centre of gravity on the 
plane, then this plane envelopes an ellipsoid similar to Legendre's ellipsoid. 

30. There is another ellipsoid which is sometimes used. By Art. 15 the 
moment of inertia with reference to a plane whose direction-cosines are (a, j8, 7) is 

I ' = 2M.t; a . a 2 + 2m?/2 . p* + 2ww 2 . -y 2 + VZmyz . fiy + 22mzx . -ya + Z'Smxy . 0.$. 

Hence, as in Art. 19, we may construct the ellipsoid 

SJ.r a . A' a + Snii/a . y* + % mz 2 . ^2 + 2Sm?/z . YZ + l^mzx . ZX+^mxy . XY= K. 
Then the moment of inertia with regard to any plane through the centre is repre- 
sented by the inverse square of the radius vector perpendicular to that plane. 

If we compare the equation of the momental ellipsoid with that of this ellipsoid, 
we see that one may be obtained from the other by subtracting the same quantity 
from each of the coefficients of A' 2 , F 2 , Z*. Hence the two ellipsoids have their 
circular sections coincident in direction. 

This ellipsoid may also be used to find the moments of inertia about any 
straight line through the origin. For we may deduce from Art. 15 that the moment 
of inertia about any radius vector is represented by the difference between the 
inverse square of that radius vector and the sum of the inverse squares of the 
semi-axes. This ellipsoid is a reciprocal of Legendre's ellipsoid. All these ellipsoids 
have their principal diameters coincident in direction, and any one of them may be 
used to determine the directions of the principal axes at any point. 

31. When the body considered is a lamina, the section of the ellipsoid of 
gyration at any point of the lamina by the plane of the lamina is called the ellipse 
of j/i/ration. If the plane of the lamina be the plane of xy, we have Z?;z2 2 =0. 
The section of the fourth ellipsoid is then clearly the same as an ellipse of gyration 
at the point. If any momental ellipse be turned round its centre through a right 
angle it evidently becomes similar and similarly situated to the ellipse of gyration. 
Thus, in the case of a lamina, any one of these ellipses may be easily changed 
into the others. 

32. Equimomental Cone. A straight line passes through a fixed point and 
moves about it in such a manner that the moment of inertia about the line is always 
the sanw and equal to a given quantity I. To find the equation of the cone generated 
lt\i tlie. straight line. 

Let the principal axes at be taken as the axes of coordinates, and let (a, /J, 7) 
be the direction-cosines of the straight line in any position. Then by Arfc. 16 we 
have Aa- + BB' 2 + Gy- = I. Hence the equation of the locus is 



it appears irorn tnis equation tnat ttie principal diameters ot tne cone are the 
principal axes of the body at the given point. 

The given quantity I must be less than the greatest and greater than the least 
of the moments A, B, C. Let A, B, G be arranged in descending order of magni- 
tude ; then if I be less than B, the cone has its concavity turned towards the axis 
C, if I be greater than B the concavity is turned towards the axis A, if I=B the 
cone becomes two planes which are coincident with the central circular sections of 
the momental ellipsoid at the point 0. 

The geometrical peculiarity of this cone is that its circular sections in all cases 
are coincident in direction with the circular sections of the momental ellipsoid at 
the vertex. 

This cone is called an equimomental cone at the point at which its vertex is 
situated. 

33. On Equimomental Bodies. Two bodies or systems of 
bodies are said to be equiraoraental when their moments of inertia 
about all straight lines are equal each to each. 

34 If two systems have the same centre of gravity, the same 
mass, the same principal axes and principal moments at the centre 
of gravity, it follows from the two fundamental propositions of 
Arts. 13 and 15 that their moments of inertia about all straight 
lines are equal, each to each. 

The converse theorem is also true. If the two bodies have 
equal moments of inertia about every straight line, it is evident 
that the axes of maxima and minima moments are the same in 
the two bodies. Of all straight lines having a given direction 
that one has the least moment of inertia for either body which 
passes through the centre of gravity of that body (Art. 13). 
Consider any direction perpendicular to the straight line joining 
the two centres of gravity G, G'. The minim u m for one body 
passes through G and for the other through G'. They cannot 
be the same unless G, G' coincide. 

Next consider all the directions which pass through the 
common centre of gravity. The axes of greatest and least 
moments, of inertia for each body are two of the principal axes 
of that body (Art. 23). These must therefore coincide in the 
two bodies. The third axis in each body is perpendicular to 
these two, and they also must coincide. 

Lastly, consider two parallel axes at a distance p apart, one 
passing through the common centre of gravity. By the theorem 
of parallel axes, the difference of the moments of inertia about 
these for either body is Mp-, where M is the mass of that body. 
But both the moments of inertia and the distance p are the same 
for each bodv. Hence the masses are also eoual. 



JLO jma me moments ana produces 
of inertia of a triangle about any axes whatever. 

If /3 and 7 be the distances of the angular points B, G of a 
triangle ABO from any straight line AX drawn through the 
angle A, in the plane of the triangle, it is known that the moment 
of inertia of the triangle about AX is -J-.M(/3 2 + /3y + y"), where 
M is the mass of the triangle. 

Let three equal particles, the mass of each being ilf, be placed 
at the middle points of the three sides. Then it is easily seen, 
that the moment of inertia of the three particles about AX is 



g U , + 

which is the same as that of the triangle. The three particles, 
treated as one system, and the triangle have the same centre of 
gravity. Let this point be called 0. Draw any straight line OX' 
through the common centre of gravity parallel to AX, then it 
is evident that the moments of inertia of the two systems about 
OX' are also equal. 

Since this equality exists for all straight lines through in 
the plane of the triangle, it will be true for two straight lines 
OX', OY' at right angles, and therefore also for a straight line 
OZ' perpendicular to the plane of the triangle. 

One of the principal axes at of the triangle, and of the 
systems of three particles, is normal to the plane,' and therefore the 
same for the two systems. The principal axes at in the plane, 
are those two straight lines about which the moments of inertia 
are greatest and least, and therefore by what precedes these axes 
are the same for the two systems. If at any point two systems 
have the same principal axes and principal moments, they have 
also the same moments of inertia about all axes through that 
point, and the same products of inertia about any two straight 
linos meeting in that point. And if this point be the centre of 
gravity of both systems, the same thing will also be true for any 
other point. 

If then a particle whose mass is one-third that of the triangle 
be placed (.it tlie middle point of each side, the moment of inertia 
of the trianyle about any straight line, is the same as that of the 
si/stem of particles, and the product of inertia about any two 
straight lines 'meeting one another, 'is the same as that of the 
system of particles. 

36. The existence of equimomental points is of the greatest 
utility in findincr the moments and products of inertia of a body 
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Thus suppose any given body t,o be enuimomontal to three 
particles whose coordinates are (.<"i, ,'/i, ~i), (-''a. ,'/! C A ^r.,, y, ti ^y 
Since the masses placed at, these points may nut, in all oases 
be equal, lot these masses he respectively J/,, ,!/,, ;)/.,, whore of 
course tho sum is equal to tins mass <{' the body. Let, < (, r> ^ ^ 
be any function of ;,//,- which does not. contain any power higher 
than the second. Let it, be required to find (hi- value, of the 
integral ov sum </> (tf, ,/, -) taken tlmmghout the body, whore 
w is nn element of tho mass. The required integral is evidently 
equal to Mi<f> Or.-!, ;(/,, -,) -I- M<j> (', //,, c..) 4- M</> (.'., //: - :l ). 

Jiy properly chousing the equivalent points wo may use a 
similar rule in which </> is any c.iihit' or i/iittiiic i'unetitui of lt ' } y i z , 
bub as these cases are not wanted in ri^id dyniuuit-.s \vc ahull 
merely state a few results a little farther on. 

The same, body may be. etiuimomt-ntal (.o several systems of 
points, and some of these sets may be. more eimvenio.ut than the 
others. In order that a set of eiptinmmental points may lm useful 
it is necessary (1) that the points should be so conveniently placed 
in the body that: their coordinates euu be easily found with regard 
to any given axes, (2) that the number of points employed in the 
set should be as small as possible. Of these two iv<im.siton the 
tirst is by far the more important. 

Kquimomonfal points have another UMe besides that of shorten- 
ing integrations which may otherwise be troublesome. It. will be 
presently seen that they have a dynami<vd importance. 

!57. .-I iiuniifiitnl I'llipiidid nt tlit- ivjiov uf </run/f/ f itnij iriiinylf rmnf /if found 
as J'Mawn, 

Let an ollipKi! 1m inncril>t'd in tlm triuiiKli* tiuirhiiiK two of llin nidim A ft, JtO 
in thuir inuldlo points /'', I>. Tlioii, liy t'aniut'H thcnn-iu, it tnuclu's the Uiird nido 
CA in itH middle point /','. Sinc.n Dl 1 ' m jiarallcl In <',( tin- tiuiK''iit at K, tlic sl,raijj;ht 
lino joiniiiK K to this inidtllti point N of /)/' HIIHHI-H thnniKli tin* fi'Mtn 1 , and Uuu'ot'oi'Q 
tho contro of tlio oonio !H at () tlm nmtro of Kntvity of thn ttiitu;.;!!', 

TluH c.onic. may li Hhown to hn a inoini'iital cllijmo of Llu lrianf.;lc at (). To 
prove thin, lot ua iind Iho inuincnt, of iniTtiii of tlu< tiiiut^li' uhcuit, <)/',. Lot 
OK r, mid l(-t r' ho Lh Hoini-oimjumittt diameter, and w thfiuigli' hctwci-n > iincl. r'. 
Now OA'--^r, and IHUUUI from tho cijuatioii of Urn I'llipHc /'',V~ \r"~ t 



! moment of) ,. ., . ..... ,!/ A'" 

,. . . .... ~IM- if J Hin-w, . , ; 

inertia aoout Ol 1 , j U TT /- 

wluiro A' i this area of tlm i'lli])Ht', HH fchat Urn mumcntH of inertiu of the nystcm 
about OK, Ol 1 ', 01> iivi! proportional iuvmwly to OK", Ol>"\ ol). If \vo tako a 
moniontal ellipHO oC the ri^ht dimeiiHionH, it will tint the inni-rUwil, conic in /'/', /'', 
and 7), and therufore alm> at. the onitoHile endn of l)ie diaiuetcrM through thene 



Since any similar and similarly situated ellipse is also a momenta! ellipse, we 
may take the ellipse circumscribing the triangle, and having its centre at the centre 
of gravity, as tho momental ellipse of the triangle. 

iiH. Ex. 1. A momental ellipse at an angular point of a triangular area touches 
tho opposite side at its middle point and bisects tho adjacent aides. 

Ex. 2. A momental ellipse at the middle point 1'' of the side .-17) of a triangular 
lamina AliC circumscribes the triangle and has FO, Fli for conjugate diameters. 
I'rovo also that another momenta! ellipse at tho same point I' 1 touches the sides AC, 
lid ni, their iniddlo points. 

Ex. 3. '.rive principal radii of gyration at tho centre of gravity of a triangle 

(I- -|- /;" -)-<;- A' J 

are the roots of the equation ,-r 1 - .. * 2 H- T/>TT = 

no 108 

where d is the area of tho triangle. 

Ex. 4. The direction of the principal axes at the centre of gravity of a 
triunghi 111113' ' l( 3 constructed thus. Draw at the middle point D of any side BC 

lengths Dlf ^ , 7)77 ' = --- along tho perpendicular, where p is the perpendicular 

from .-( on IIU and A 1 , k' aro this principal radii of gyration found by the last 
example. Then 0/7, Oil' aro the directions of tho principal axes at 0, whose 
moments of inortia art; respectively Jl/ 2 and Jl7/c' 2 . 

10 x. f. Tho direction* Qf\the principal n^i^ wl; tjN ityi$<}ip|.1i ; |gonfcfti| p|>tf 
centre of gravity may 





side lid a ptu-nondiculaiUjflttSARf^^rir. ^ ' Describe a circle on OK asjliamoter and 

line cutting Uie.oh;clxjlii> .ZJ'iiittdvfl,, :Jh<Jp OTi, OS 



join /) to tho middle point of O/Cbyali 

* * v |5 ~ ' EIJ jj," ~ " ' i, "^ $*"" * u - 

are the diroo.tions of tho principal axes, and tllwmbntQtrts of inortia about them are 
respectively Aj17. /)iS" J and AAf. 7>/i". ...... .., vyr; ",'. ':V r - ijklV 1 ^ 

Kx. (!. Let four particles each (fii-nisc^.of ; |Vili*iHW of tho aroft bfa para'llelo- 
gvam he placcul at the middle points of tlio aides and a fifth particle one-third of the 
Maine mass at tho centre of gravity, thi'ii t/w five, particles and tht: area, of the 

K ( pttnillt'lojiritni, an 1 . I'ljitiiniiim'.ntal si/stt'.mit. 

f Ex. 7. Let particles each equal to one-twolfth of tho mass of a quadrilateral 

area bo placed at each corn or and lot a fifth particle, of negative mass but also one- 
twelfth be placed at tho intersection of the diagonals. Then the centre of gravity of 
the quadrilateral area I'H tlio centre of gravity of theso live particles. Lot a, sixth 
pavtide equal to three-quarters of tho mass of tho quadrilateral bo placed at tho 

1 centre of gravity thus found. Prove that then?, nix 2>artwle are cnuiiiutmeMal to tht 

/jiitiili'iltitt'ml tnvti. 

f ' Kx. H. Let particles each equal to one-quarter of the mass of an elliptic area be 

' placed at tho middle, points of this chords joining the extremities of any pair of con- 

jugate diameters. Prove that tht'Hi'. four j>itrtir,lt'n an' tiquhnumfntal to tin; elliptic urea. 

* Kx. '.). Let a tenth of Ihci mass of a solid homogeneous ellipsoid bo placed at 

each of the six extremities of a sot of conjugate diameters and two-fifths of tho mass 

\ at the centre, prove that tlii xyxtfm of purtidt'x in equimomnntal to tht' dlipwid. 

30x. 10. Any sphoro of radius a arid mans M is (iqnimomontal to a system of 

C' four particles each of mass ' [ <L ) placed so that their distances from tho centre 



i.e. to find a system of equimomental particles. 

Let ABGD be the tetrahedron. Through one angular point 
D draw any plane and let it be taken as the plane of ocy. Let D 
be the area of the base AEG, a, j3, 7 the distances of its angular 
points from the plane of ocy, and p the length of the perpendicular 
from D ou the base ABC. 

Let PQR be any section parallel to the base AEG and of 
thickness du, where u is the perpendicular from D on PQR. The 
moment of inertia of the triangle PQR with respect to the plane 
of xy is the same as that of three equal particles, each one-third 
its mass, placed at the middle points of its sides. The volume of 



the element PQR = Ddu. The ordinates of the middle points of 
p- 

the sides AB, BG, GA are respectively (a + /3), |- (p + 7), ^ (7 + a). 
Hence, by similar triangles, the ordinates of the middle points of 
PQ, QR, RP are (a + /3) u/p, ( + 7) w/p, (y + a) Wj- 

The moment of inertia of the triangle PQ.B with regard to the 
plane xy is therefore 

lu" , f//3 + 7M\ 2 /7 + w\ a / + 

-7 IWzi ^ s - + '- + ~- - 

op" (\ 2 pj \ 2 pj \ 2 pj 

Integrating from u = to u =p, we have the moment of inertia 
of the tetrahedron with regard to the plane xy 

-^Q V |a 2 + /S 2 4- 7 2 + /?7 + 78 + a/3}, 
where F is the volume. 

If particles each one-twentieth of the mass of the tetrahedron 
were placed at each of the angular points and the rest of the mass, 
viz. four-fifths, were collected at the centre of gravity, the moment 
of inertia of these five particles with regard to the plane of xy 

tronldbe =7 V+g+7V + I Zffi + Z^ 
5 \ 4 / 20 20 P 20 7 ' 
which is the same as that of the tetrahedron. 

The centre of gravity of these five particles is the centre of 
gravity of the tetrahedron, and together they make up the mass 
of the tetrahedron. Hence, by Art. 13, the moments of inertia of 
the two systems with regard to any plane through the centre of 
gravity are the same, and by the same article this equality will 
exist for all planes whatever. It follows, by Art. 5, that the 
moments of inertia about any straight line are also equal. The 
two si/stems are therefore equimomental. 



simplified. Thus an ellipsoid can always be projected into a 
sphere, and any tetrahedron into a regular tetrahedron. 

It is clear that if the base plane from which the figure is 
projected be moved parallel to itself into a position distant D 
from its former position, no change of form is produced in the 
projected figure. If n be the fixed ratio of projection the pro- 
jected figure has merely been moved through a space nD perpen- 
dicular to the base plane. We may therefore suppose the base 
plane to pass through any given point which may be convenient. 

41. Jf two bodies are equimomental, their projections are also 
equiinomental. 

Let the origin be the common centre of gravity, then the 
two bodies are such that Sm = 5?7i' ; S?wa? = 0, 2mV = 0, &c., 
Sw#:'" = 'Swfa;'", Smyz = 'S l m'y'z, &c., unaccented letters referring 
to one body arid accented letters to the other. Let both the 
bodies bo projected from the plane of xy in the fixed ratio 1 : n. 
Then -any point whose coordinates are (#, y,z) is transferred to 
(as, y, nz) and (a;', y', z'} to (ini, y', nz'}. Also the elements of mass 
m, m' become nm and nm'. It is evident that the above equalities 
are not affected by these changes, and that therefore the projected 
bodies are equiniomcntal. 

27/6' -projection of a. inoinental ellipse of a plane area is a 
moinentul ellipse of the projection. 

Lot the figure bo projected from the axis of so as base line, 
so that any point (.'/;, y) is transferred to (u:, y') where y' ny, and 
any ekuneut of area m becomes m' where tn' nm. Then 

Sw*' a = -' Sv/iV, S'/HOW = --, "Svi'm/' Sm?/ 2 = - SmV 2 - 
n '' <n? J J n s J 

Tiie momenta! ellipses of the primitive and the projection ar 

SmifX* - 2SiiusyXY+ ZmarY* = M^, 
Sw';// 9 A r ' B - ^ni'xy'X'Y' + 2mW fl = M'e' 4 . 

^ To project the former we put X' = X, Y' = nY. Ita equation 
^ becomes identical with the hitter by virttio of the above equalities 
when we put e' i = ' i n'\ 

12. I'Jx, 1. A inomuntiil (illipHO of the area of a wjuiix'o at its cuntro oJ; gravity 
JH wiHily Hiion to bi) thi) inHcribeil cirolo. .By projecting tliiH Jiguro firat with ono .side 
an hiiric. lims, and Huoondly with a diagonal aw base, the Biiuivre becomes siiciceHBivtily 
u rootanglc and a punillolotfnim. H(,nco one itioracntul ellipse fit the centre of gravity 

it,, of 11 itiiralltiloKrani in the iuHcribcd conic: touching the siclcH at tlicir middle points. 

It Kx. '2. ]Jy projecting an oiniilaloral triangle into any triangle, we may infer the 



are 



sions are n times as great as tnose or tne material ellipsoid, so mat me eccenunu 
Hues of the particles make equal angles with each other, and a fifth particle equal 
to the remainder of the mass of the ellipsoid placed at the centre of gravity. 

If this material ellipsoid be the Legendre's ellipsoid of any given body, we 
see that any body whatever is equimornental to a system of five particles placed as 
above described on an ellipsoid similar to the Legendre's ellipsoid of the body. 

Ex. 4. Show that a solid oblique cone on an elliptic base is equimornental to a 
system of three particles each one-tenth of the mass of the cone placed on the cir- 
cumference of the base so that the differences of their eccentric angles are equal, a 
fourth particle equal to three-tenths of the cone placed at the middle point of 
the straight line joining the vertex to the centre of gravity of the base, and a 
fifth particle to make up the mass of the cone placed at the centre of gravity of the 
volume. 

43. To find an ellipsoid equimornental to any tetrahedron. The moments of 
inertia of a regular tetrahedron with regard to all planes through the centre of 
gravity are equal by Art. 28. If r be the radius of the inscribed sphere, the 
moment with regard to a plane parallel to one face is easily seen by Art. 39 to be 

3j,2 _ 

M -z- . If then we describe a sphere of radius p = ,j3r, with its centre at the centre 

of gravity, and its mass equal to that of the tetrahedron, this sphere and the tetra- 
hedron will be equimomental. Since the centre of gravity of any face projects into 
the centre of gravity of the projected face, we infer that the ellipsoid to which any 
tetrahedron is equimomental is similar and similarly situated to that inscribed in 
the tetrahedron and touching each face in its centre of gravity, but has its linear 
dimensions greater in the ratio 1 : fj3- It may also be easily seen that the sphere 
whose radius is p= j3r, touches each edge of the regular tetrahedron at its middle 
point. Hence we infer that the ellipsoid equimomental to any tetrahedron touches 
each edge at its middle point and has its centre at the centre of gravity of the volume. 

Ex. 1. If E z be the sum of the squares of the edges of a tetrahedron, I' 1 - the 
sum of the- squares of the areas of the faces and V the volume, show that the semi- 
axes of the ellipsoid inscribed in the tetrahedron, touching each face in the centre 
of gravity and having its centre at the centre of gravity of the tetrahedron, are the 
roots of g E 2 4 F 2 V 2 

P ~2 4 .3 P + 2 4 .~3 2P ~2o73 = 0> 
and that, if the roots be />i, p%, ^3, the moments of inertia with regard to the 

principal planes of the tetrahedron are M -^- H - ? ^~ , M -^- . 
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Ex. 2. If a perpendicular EP be drawn at the centre of gravity E of any 
face = 4p 2 /p, where p is the perpendicular from the opposite corner of the tetrahedron 
on that face, then P is a point on the principal plane corresponding to the root p of 
the cubic. 

44. Four particles of equal mass can always be found which are equimomental to 
any given solid body. 

Let be the centre of gravity of the body, Ox, Oy, Oz the principal axes at O. 
Let the moments of inertia with regard to the coordinate planes be Ma?, Jf/3 2 , and 
My 2 , By Art. 34, the mass of each particle must be iM. Let (x-, i/,3,} &c. (x.ti.z,') 



nine equations to find the twelve coordinates (i-^fi) &c. (4774^4) which differ from 
those just written down only in having a 2 , /3-, y- each replaced by unity. These 
modified equations express that the moniental ellipsoid at O of the four particles 
must be a sphere. The equations are therefore satisfied if the four points, whose 
coordinates are represented by the Greek letters, are the corners of a regular tetra- 
hedron. (See also Art. 23, Ex. 2.) This tetrahedron may be regarded as inscribed 
in a sphere whose radius is J3. If we project this sphere into an ellipsoid whose 
semi-axes are a, j3, y the regular tetrahedron will be deformed into an oblique tetra- 
hedron. The corners of this oblique tetrahedron are the required equimomental 
points. 

In the same way we may prove that three particles of equal mass can always be 
found which are equimomental to any plane area. If A/a-, JI//3-, and zero are the 
moments of inertia of the area about the principal planes at the centre of gravity, 
the result is that these particles must lie on the ellipse /3 2 a; 2 + cr?/ 2 =2a. a /3 2 . It also 
follows that, if one of these points, as D, be taken anywhere on this ellipse, the 
other two points, E and F, are at the opposite extremities of that chord which is 
bisected in some point N by the produced radius DO so that ON=WD. 

45. Moments with Higher Powers. These moments are 
not, often wanted in dynamics though they are useful in other 
subjects. It will therefore be sufficient to state here some general 
results and to sketch the proofs in a note at the end of this 
volume. Some generalisations will also be added. 

Let dor and dv be any elementary area and volume as the case 
may be. Let z be its ordinate referred to any plane of xy. Our 
object is to find the integral fz n da- or fz n dv for a triangle, quadri- 
lateral, tetrahedron, &c. 

Let the coordinates of the corners of the body be (sc^z^, 
(xyz^, &c. Let S n (z\Zz, &c.) represent the sum of the different 
homogeneous products of n dimensions of as many of the z's as 
are included in the bracket. 

Then for a trianle of area A 



For a quadrilateral of area A 

1 2 A 
fz n dcr = - i-Tw7-T-T ^ n O 8 ^^) - ^n-i (^2^)}, 

\jyb ~\~ JL ) ^'/ "T" j 

where z' is the ordinate of the intersection of the diagonals. 
For a tetrahedron of volume V 

1.2.3. V . 

J2 n dv = 7 --- - n\7 "Tin ^ n \ z \ 

J lm. 4~ \\ In. -4- z ( n -4- ,-i ) 



where / is the ordinate of the point of intersection of the common 
base with the straight line joining the two vertices. 

We notice that, except for the factor A or V representing the 
area or volume, these four expressions are functions of the ordinates 
only of the corners and are not functions of the differences of the 
abscissae. 

When the value of $z n dcr is known that of n [xz n ~ l da- can be found by performing 

the operation o^ - + x n -j + . . . on the former result. The value of n (n - 1) fx*z*- z d(r 
ftej ~ dz% 

can be found by repeating the operation and so on. 

Lastly, it may be shown that when two bodies are such that the values of $z n d<r 
are equal, each to each, for all planes of xij these bodies are equimomental. 

Ex. 1. If (a;, y, z) be a function not higher than the third degree the value of 
\(pda for any triangle can be found by using seven equivalent or equimomental 
points. We collect one-twentieth of the mass of the area at each corner, two- 
fifteenths at the middle point of each side, and the rest, viz. nine-twentieths, at the 
centre of gravity. 

Ex. 2. If (a;, y, z) be not higher than the third degree the value of fadv for 
a tetrahedron can be represented by eight equivalent points. We collect nine- 
fortieths of the volume at the centre of gravity of each face and one-fortieth at each 
corner. Other examples may le found in No. 83 Quarterly Journal of Mathematics, 
1886. 

46. Theory of Inversion. To explain how the theory of 
inversion can be applied to find moments of inertia. 

Let a radius vector drawn from some fixed origin to any point P of a figure be 
produced to P', where the rectangle OP. OP' = K 2 , K being some given quantity. 
Then as P travels all over the given figure, P' traces out another which is called 
the inverse of the given figure. 

Let (a;, y, z} be the coordinates of P, (x', y', z') those of P' ; r, r' the radii vectores, 
dv, do' corresponding polar elements of volume ; p, p', dm, dm' their respective 
densities and masses. Let du be the solid angle subtended at by either dv 

or dv'. Then dv' = r'- du dr' = ( - V r- <7 w dr = ( - Y dv 

\rj \i>J ' 

and since ^ = ? we have x'*dv' = (^ J x*dv. Now dm=pdv, dm' = p'dv'. If then 



we take - = ^- J we have 2x*dtii' = 2aPdm, with similar equalities in the case of 
all the other moments and products of inertia. 

When the body is an area or an arc the ratio of dv' to dv is different. We have 

, /' / ,,\4 /ic\2 

in these cases respectively ^_= (^-J or (-J . Similar results however follow 
which may be all summed up in the following theorem. 



moments of inertia with regard to all straight lines through 0. Here n = W, 8 or 6 
according as the body is a volume, an area or an arc. 

It also follows that the two bodies have the same principal axes at the point 0, 
and the same ellipsoids of gyration. 

We may also obtain the following theorem by the use of Kelvin's method of 
finding the potentials of attracting bodies by Inversion. 

THEOR. II. Let any body be changed into another body ly inversion with regard 
to any point 0. If the densities at corresponding points P, P' be denoted by p, p', 

( K\ n 

and their distances from by r, r', let p'=p ( j . Then the moment of inertia of 

the second body with regard to any -paint C' is p.qual to that of the first body with 
regard to the corresponding point C multiplied by either of the equal quantities 

/ \ 2 Ctf 1 ' 

I ~\ or TTTT- Here 71=8, 6 or 4 according as the body is a volume, area, or arc. 
\OC J OC 

To prove this, consider the case in which the body is a volume. By similar 

/ ... \2 

triangles GP . r' = C'P' . 00. We then find pdv (CP) 2 -^ -p'dv' (C'P')~, by pro- 

\oo/ 

ceeding as before. This being true for every element the theorem follows at once. 

Ex. The density of a solid sphere varies inversely as the tenth power of the 
distance from an external point 0. Prove that its moment of inertia about any 
straight line through is the same as if the sphere were homogeneous and its 
density equal to that of the heterogeneous sphere at a point where the tangent from 
meets the sphere. Prove that if the density "b ad varied inversely as the sixth power 
of the distance from 0, the masses of the two spheres would have been equal. What 
is the condition that they should have a common centre of gravity ? [Math. Tripos. 

4*7. Centre of Pressure. If .a plane lamina is immersed in 
a homogeneous fluid it is proved in treatises on hydrostatics that 
the pressures on the elements of area act normally to the plane 
and are proportional to the product of the area of the element 
by the depth below a fixed horizontal plane often called " the 
effective surface." It easily follows from statical principles that 
the centre of these parallel forces lies in the plane of the lamina 
arid is the same however the forces are turned round their points 
of application provided they remain parallel. This point is called 
in hydrostatics the centre of pressure. 

Let the intersection of the lamina with the effective surface 
be taken as the axis of as and let the axis of y be in the plane of 
the lamina, the axes being rectangular. Then by the common 
formulae for the centre of parallel forces 

_ Product of inertia about Ox, Oy 
~ moment of the area about Ox ' 
Moment of inertia about Ooc 



moment of the area about Ox' 



But these are the formulae to find the centre of gravity of particles 
whose masses are proportional to m^/j, m z y z &c. having the same 
coordinates as before. Hence this rule, 

If any area be equimomental to a series of particles, the centre 
of pressure of the area is the centre of gravity of the same particles 
with their masses increased in the ratio of their depths. 

For example, the centre of pressure of a triangle wholly im- 
mersed is the centre of gravity of three weights placed at the middle 
points of the sides and each proportional to the depth of the point at 
which it is placed. 

In this article we confine our attention to the hydrostatical 
properties of the point, but we may notice that the coordinates 
X and Y are so useful that in dynamics also names have been 
given to them. It follows from the formulae (5) of the next article 
that X is the abscissa of the principal point of the axis of x, so 
that the projection of the centre of pressure of any area on its 
intersection with the effective surface is the principal point of that 
intersection. It will also be shown in Chap. in. that the ordinate 
Y is equal to the distance of the centre of oscillation from the axis 
of suspension. In this wa.y \ve can translate our hydrostatical 
results into dynamics, and conversely. 

Since the coordinates X, Y depend only on the ratio of the 
moments and products of inertia to the mass and on the position 
of the centre of gravity, it is clear that two equimomental areas 
have the same centre of pressure. 

Ex. 1. If p, q, r be the depths of the corners of a triangular area wholly 
immersed in a fluid, prove that the areal coordinates of its centre of pressure 
referred to the sides of the triangle itself are (1+pjs), (i + qja), i (l + >'/ s )> where 



This may be proved by replacing the triangle by three weights situated at the 
middle points of the sides proportional to their depths, and taking moments about 
the sides in succession to find their centre of gravity. 

Ex. 2. Let any vertical area be referred to Cartesian rectangular axes Ox, Oij, 
with the origin at the centre of gravity. Let the depth of the centre of gravity 
be h, and let the intersection of the area with the surface of the fluid make an 
angle 8 with the axis of x, and -let this intersection in the standard case cut the 
positive side of the axis of y. Let A, B and F be the moments and product of 
inertia of the area about the axes. Then by taking moments about Ox, Oy we see 
that the coordinates of the centre of pressure are 



BsmO-Fcose Fsind-AcosO 



where a is the area. 



the centre or gravity. 

Ex. 4. In a heterogeneous fluid the pressure at any point P referred to a unit 
of area is given by p = a + bz n where z is the depth of P. Prove that the depth of 
the centre of pressure of any triangular area wholly immersed at any inclination 

to the horizon is < ^-- T 1 = r^ 1 , where H is the arithmetic mean of the different 
aH +1)H n 

homogeneous products of n dimensions of the depths z lt z 2 , z s of the three corners 
of the triangle. 

Ex. 5. In rotating fluids the pressure at any point P is given by p = a + bz + cr 2 , 
where r is the distance of P from the axis of z which is vertical. Show that the 
pressure on any part of the area of the containing vessel is given by 

(1) whole pressure = J(a + bz + cr z ] da- = (a + bz)<r + c<rk 2 , 

where cr is the area of the part pressed, z the depth of its centre of gravity, and <rk- 
the moment of inertia about the axis of z. 

(2) Vertical pressure =tf(a + bz + cr") dx dy = aP + bV+cPk'-, 

where P is the projection of a on the plane of xy, V the volume between a- and its 
projection and P/c' 2 the moment of inertia of the projection P about the axis of z. 

It is evident that in all these cases the values of the integrals can in general be 
written down by the rules given in tins chapter; so that actual integrations are for 
the most part unnecessary. 

48. The Principal Axes of a system. A straight line 
being given it is required to find at what point in its length it is a, 
principal axis of the system, and if any such point exist to find the 
other two principal axes at that point. This point may be con- 
veniently called the principal point of the straight line. 

Take the straight line as axis of z, and any point in it as 
origin. Let G be the point at which it is a principal axis, and let 
Goo', Gy' be the other two principal axes. 

Let GO = h> = angle between Gx' and Ox. Then 
x' = x cos 8 + y sin ff\ 
y' = oo sin 6 + y cos 6 1 . 



Hence ^mx'z = cos d^nxz + sin _ 

h (cos d^mx + sin d^imy}} ............ ^ 



= sn mxz + cos 

~ ............ '' 



cy = Sm (y" - # 2 ) -- h 'Zmasy cos 20 = ............ (3). 



h ( sin O^mx -j- cos Q^my)} 
(y" - # 2 ) ^ 
The last equation shows that 

tflT , 2 <9- ^ 

^* e -lm(a 
according to the previous notation. 



in its length. Substituting in (1) we have 

fK , 
..................... (5). 



The equation (5) expresses the condition that the axis of z 
should be a principal axis at some point in its length; and the 
value of h gives the position of this point. 

If ^mxz = and ILmyz = 0, the equations (1) and (2) are 
both satisfied by h = 0. These are therefore the sufficient and 
necessary conditions that the axis of z should be a principal axis 
at the origin. 

If the system be a plane lamina and the axis of z be a normal 
to the plane at any point, we have 2=0. Hence the conditions 
l^rnxz = and **Lmyz = are satisfied. Therefore one of the 
principal axes at any point of a plane lamina is a normal to the 
plane at that point. 

In the case of a surface of revolution bounded by planes 
perpendicular to the axis,., the axis is a principal axis at any 
point of its length. 

Again, equation (4) enables us, when one principal axis is 
given, to find the other two. If = a be the first value of 6, all 
the others are included in 6 = a + ^nrr; hence all these values give 
only the same axes over again. 

49. Since (4) does not contain h, it appears that if the axis 
of z be a principal axis a,t more than one point, the principal axes 
at those points are parallel. Again, in that case (5) must be 
satisfied by more than one value of h. But, since h enters only 
in the first power, this cannot be unless 

Zm# = 0, ^my 0, "mxz = 0, ^myz ; 
so that the axis must pass through the centre of gravity and be 
a principal axis at the origin, and therefore (since the origin is 
arbitrary) a principal axis at every point in its length. 

If the principal axes at the centre of gravity be taken as the 
axes of x, y, z, (1) and (2) are satisfied for all values of h. Hence, 
if a straight line be a principal axis at the centre of gravity, it is 
a principal axis at every point in its length. 

If the given straight line is parallel to a principal axis at the 
centre of gravity 6r, it is easy to see that the given line is a 
principal axis at the projection of G on itself. For let tjhe origin 
be taken at the projection, and let Gg, Gy, G be a parallel 
system of axes, then since 2m, 2m^^ and z are zero, it follows 
from Art. 13 that H^mxz and ^myz are also zero. 

50. Let the system be projected on a plane perpendicular to 



cipal axis of the projection at 0, because, the projected system 
g a plane lamina, the conditions ^mxz = 0, %myz = are both 
ified. Since z does not appear in equation (4), it follows that, 
ie given straight line be a principal axis at some point G in 
ength, the other two principal axes at G will be parallel to 
principal axes of the projected system at 0. These last may 
i be conveniently found by the next proposition. 

.. Ex. 1. The principal axes of a right-angled triangle at the right angle 
me perpendicular to the plane and two others inclined to its sides at the 

s -?; tan" 1 2 a ?2 , where a and & are the sides of the triangle adjacent to the 
2i Q*" 0" 

angle. 

ehave tan 29= '-j, Art. 48, and by Art. 35, -A=M^, B=H~, F=M^. 

E. 2. The principal axes of a quadrant of an ellipse at the centre are, one 
ndicular to the plane and two others inclined to the principal diameters at the 

s - tan" 1 -- 5 ^, where a and & are the semi-axes of the ellipse. 
2 TT a j ir r 

s. 3. The principal axes of a cube at any point P are, the straight line 
ig P to the centre of gravity of the cube, and any two straight lines at P 
ndicular to PO, and perpendicular to each other. 

E. 4. Prove that the locus of a point P at which one of the principal axes is 
[el to a given straight line is a rectangular hyperbola in the plane of which the 
3 of gravity of the body lies, and one of whose asymptotes is parallel to the 
straight line. But if the given straight line be parallel to one of the principal 
at the centre of gravity, the locus of P is that principal axis or the perpen- 
ir principal plane. 

ike the origin at the centre of gravity, and one axis of coordinates parallel 
B given straight line. 

x. 5. The principal point of any side AB of a triangular area ABC bisects 
[stance between the middle point of that side and the foot of the perpendicular 
the opposite corner on the side. 

s. 6. An edge of a tetrahedron will be a principal axis at some point in its 
.1 only when it is perpendicular to the opposite edge. [Jullien. 

inversely, if this condition be satisfied, the edge will be a principal axis at 
at C, such that OG=%ON, where N is the middle point of the edge and is 
iot of the perpendicular distance between it and the opposite edge. 

x. 7. The axes Ox, Oy are so placed that the product of inertia F or TZmxy 
o. If A and B are the moments of inertia about these axes, prove that the 
ict of inertia about two perpendicular axes Ox', Oy' in the plane xy is 



! is the angle xOx' measured in the positive direction from Ox. 

12. Foci of Inertia. Given the positions of the principal 
Ox, Oy, Qz at the centre of gravity 0, and the moments of 



one on each side of the origin so that OS=OH\J ~~%[~ '' 
These may "be catted the foci of inertia for that principal plane. 

Because these points are in one of the principal axes at the 
centre of gravity, the principal axes at S and H are parallel to the 
axes of coordinates, and the moments of inertia about those in 
the plane of asy are respectively A and B + M.OS 2 = A. These 
being equal, any straight line through S or H in the plane of xy 
is a principal axis at that point, and the moment of inertia about 
it is equal to A. See Arts. 16 and 23. 

If P be any point in the plane of asy, then one of the principal 
axes at P will be perpendicular to the plane ccy. For, if p, q be 
the coordinates of P, the conditions that this line should be a 
principal axis are Sm (oc p) z 0, 2m (y q)2 = Q, 

which are obviously satisfied, because the centre of gravity is the 
origin, and the principal axes the axes, of coordinates. 

The other two principal axes may be found thus. If two 

straight lines meeting 
at a pointPbe such that 
the moments of inertia 
about them are equal, 
then, provided they are 
in a principal plane, the 
principal axes at P bi- 
sect the angles between 
these two straight lines. 
For, if with centre P 





we describe the mo- 
mental ellipse, the axes 

of this ellipse bisect the angles between any two equal radii 

vectores. 

Join SP and HP; the moments of inertia about SP, HP are 
each equal to A. Hence, if PGr and PT are the internal and 
external bisectors of the angle SPH, PG, PT are the principal 
axes at P. If therefore with S and H as foci we describe any 
ellipse or hyperbola, the tangent and, normal at any point are the 
principal axes at that point 

53. Take any straight line MN through the origin, making an angle & with 
the axis of x. Draw SM, HN perpendiculars on MN. The moment of inertia 
about MN is = A cos 2 + B sin 2 8=A-(A-B) sin 2 

= A - M . (OS sin 0) 2 = A - M . SM 2 . 



= moment about HN+H.MY Z 
= A + M (MY- SM) (MY+ SM) 



In the same way it may be proved that the moment of inertia about a line PG- 
passing between II and S is less than A by the mass into the product of the perpen- 
,_ dioulars from S and H on PG. 

f If therefore with S and H as foci we describe any ellipse, or hyperbola, the moment 

of inertia about any tangent to either of these curves is constant. 

It follows from this that the moments of inertia about the principal axes at P 
i are equal to B + J M (SP HP) 2 . 

For if a and b be the axes of the ellipse we have a*-b-=OS-=(A-B)IM, 
' and hence 



and the hyperbola may be treated iu a similar manner. 

54. This reasoning may be extended to points lying in any given plane passing 
through the centre of gravity of the body. Let Ox, Oy be the axes in the given 
plane such that the product of inertia about them is zero (Art. 23). Construct the 
points S and II as before, so that OS- and OJI 2 are each equal to the difference of 
the moments of inertia about Ox and Oy divided by the mass. Draw Sy' a parallel 
through S to the axis of y, the product of inertia about Sx, Sy' is equal to that 
about Oo;, Oy together with the product of inertia of the whole mass collected 
at 0. Both these are zero, hence the section of the momental ellipsoid at S is a 
circle, and the moment of inertia about every straight line through S in the plane 
xOy is the same and equal to that about Ox. We can then show that the moments 
of inertia about PH and PS are equal ; so that PG, FT, the internal and external 
bisectors of the angle SPII, are the principal diameters of the section of the mo- 
meutal ellipsoid at P by the given plane. And it also follows that the moments of 
inertia about the tangents to a conic whose foci are S and II are the same. 

55. Ex. 1. To find the foci of inertia of an elliptic area. The moments of 
inertia about the major and minor axes are $Mb' 2 and ^Ma". Hence the minor axis 
is the axis of greatest moment. The foci of inertia therefore lie in the minor axis 
at a distance from the centre = $ Ja* - b'\ i.e. half the distance of the geometrical 
foci from the centre. 

Ex. 2. Two particles each of mass m are placed at the extremities of the minor 
axis of an elliptic area of mans M. Prove that the principal axes at any point of 
the circumference of the ellipse will be the tangent and normal to the ellipse, 

m 5 e' J 
provided that j^yj--^. 

Ex. a. At the points which have been called foci of inertia two of the principal 
momenta are equal. Show that it in not in general true that a point exists such 
that the moments of inertia about all axes through it are tho same, and rind the 
conditions that there may be such a point. Such points when they exist in a solid 
body may be called the spherical points of inertia of that solid. 

Ecfer the body to the principal axes at the centre of gravity. Let P be the point 

' 



point on the surface. Find also the spherical points ol a solid hemisphere. 

By Art. 5, Ex. 8, the moments of inertia about every axis through the centre are 
the same. Hence the centre is one spherical point. Since the centre of gravity 
bisects the distance between, the points the position of the other follows at once. 

56. Arrangement of Principal Axes. Given the positions 
of the principal axes at the centre of gravity and the moments 
of inertia about them, to find the positions of the principal axes* 
and the principal moments at any other point P. 

Let the body be referred to its principal axes at the centre of 
gravity 0, let A, B, G be its principal moments, the mass of the 
body being taken as unity. Construct a quadric confocal with 
the ellipsoid of gyration, and let the squares of its semi-axes be 
a" = A + X, b 2 = B + X, c 2 = <7 + X. Let us find the moment of 
inertia with regard to any tangent plane. 

Let (a, /3, 7) be the direction angles of the perpendicular to any 

tangent plane. The moment of inertia, with regard to a parallel 

plane through 0, is (A + B + C) - (A cos 2 a + B cos 2 /3 + G cos 2 7). 

The moment of inertia, with regard to the tangent plane, is found 

by adding the square of the perpendicular distance between the 

planes, viz. (A + X) cos 2 a + (B + X) cos 2 ft + (G -f- X) cos 2 7. We get 

moment of inertia with) 

regard to a tangent plane} 



Thus the moments of inertia with regard to all tangent planes to 
any one quadric confocal with the ellipsoid of gyration are the same. 
These planes are all principal planes at the point of contact. 
For draw any plane through the point of contact P, then in the 
case in which the confocal is an ellipsoid, the tangent plane 
parallel to this plane is more remote from the origin than this 
plane. Therefore, the moment of inertia with regard to any plane 
through P is less than the moment of inertia with regard to a 
tangent plane to the confocal ellipsoid through P'. That is, the 
tangent plane to the ellipsoid is the principal plane of greatest 
moment. In the same way the tangent plane to the confocal 
* Some of the following theorems were given by Lord Kelvin and Mr Townsend, 
in two articles which appeared at the same time in the Mathematical Journal, 1846. 
Their demonstrations are different from those given in this treatise. The theorem 
that the principal axes at P are normals to the three confocals is now ascribed in 
Thomson and Tait's Treatise on Natural Philosophy to Binet, Journal de VEcole 
Potytechnique, 1811. 



ART. 59] POSITIONS OP THE PRINCIPAL AXES OF A SYSTEM 39 

hyperboloid of two sheets through P is the principal plane of 
least moment. It follows that the tangent plane to the confocal 
hyperboloid of one sheet is the principal plane of meau moment. 

Through a given point P, three confocals can be drawn, and the 
normals to these confocals are the principal axes at P. By Art. 5, 
Ex. 3, the principal axis of least moment is normal to the confocal 
ellipsoid and that of greatest moment normal to the confocal hyper- 
boloid of two sheets. 

57. The moment of inertia with regard to the point P is, 
by Art. 14, (A + B+C)+ OP 2 . Hence, by Art. 5, Ex. 3, the 
moments of inertia about the normals to the three confocals 
through P whose parameters are X 15 X a , \ s are respectively 

OP a -X 1( OP 2 -X 2) OP 2 -X 3 . 

58. If we describe any other confocal and draw a tangent cone 
to it whose vertex is P, the axes of this cone are known to be the 
normals to three confocals through P. This gives another con- 
struction for the principal axes at P. 

If the confocal diminish without limit, until it becomes a focal 
conic, we see that the principal axes of the system at P are the 
principal diameters of a cone whose vertex is P and base a focal 
conic of the ellipsoid of gyration at the centre of gravity. 

Kx. Prove that the moment of inertia about any generator of the cone, vertex 
V, reciprocal to the tangent cone drawn from P to the ellipsoid of gyration is the 
same. [Math. Tripos, 1895. 

59. If we wish to use only one quadric, we may consider the 
confocal ellipsoid through P. We know* that the normals to the 
other two confocals are tangents to the lines of curvature on the 
ellipsoid, and are also parallel to the principal diaineters of the 
diametral section made by a plane parallel to the tangent plane at 
P. And if A> P 2 -be theso principal semi-diameters, we know that 



Hence, if through any point P we describe the quadric 

a? 'f z- _ 

A + K B + A, + 6' -KX ~ ' 

the axes of coordinates being the principal axes at the centre 
of 0-rii.vitv. then the urincmal axes at P arc the normal to this 



60. Condition that a line should be a principal axis. 

The axes of coordinates being the principal axes at the centre of 
gravity it is required to express the condition that any given straight 
line may be a principal axis at some point in its length and to find 
that point. Let the equations of the given straight line be 

00 -f '_y~ff _e-h m 

7 - - ..................... \*- J> 

L m n 

then it must be a normal to some quadric 

2 _-. ($) 

.................. ^ ' 



at the point at which the straight line is a principal axis. 

Hence comparing the equation of the normal to (2) with (1), we 
, oo , y z /O N 

have " - 



These six equations must be satisfied by the same values of sc, y, , 
\ and p. Substituting for so, y, z from (3) in (1), we get 

=BfjL-- = Cf*,--. 
I m ^ n 

Equating the values of p given by these equations we have 

/_1 Hj J _f 

I m tn n __ n I ,.-> 

A= = T^~C == 'C^A .................. ( '' 

This clearly amounts to only one equation, and is the requirec 
condition that the straight line should be a principal axis at some 
point in its length. 

Substituting for cc, y, z from (3) in (2), we have 

\ (I- + m 2 + 9i 2 ) = - - (Al 2 + Em? + On 2 ), 
p- 

which gives one value only to X. The values of A, and /JL havin< 
been found, equations (3) will determine so, y, z the coordinates o 
the point at which the straight line is a principal axis. 

The geometrical meaning of this condition may be found by the followin 
considerations, which were given by Townsend in the Mathematical Journal. Th 
normal and tangent plane at every point of a quadric will meet any principt 
plane in a point and a straight line, which are pole and polar with regard to th 
focal conic in that plane. Hence, to find whether any assumed straight line i 
a principal axis or not, draw any plane perpendicular to the straight line an 
produce both the straight line and the plane to meet any principal plane at th 



required point. 

The analytical condition (4) exactly expresses the fact that the polar line is 
parallel to the intersection of the plane. 

61. Ex. 1. Show that the straight line a (x -a) = 1> (y ~ b) = c (z - c) is at some 
point in its length a principal axis of an ellipsoid whose semi-axes are a, 6, c. 

Ex. 2. Show that any straight line drawn on a lamina is a principal axis of 
that lamina at some point. Where is this point if the straight line pass through 
the centre of gravity ? 



Ex. 3. Given a plane fx + gy + hz- 1 = 0, there is always some point in it at 
which it is a principal plane. Also this point is its intersection with the straight 
line x/f -A = yjij -B=z/h-C. 

Ex. 4. Let two points P, Q be so situated that a principal axis at P intersects a 
principal axis at Q. Then if two planes be drawn at P and Q perpendicular to 
these principal axes, their intersection will be a principal axis at the point where it 
is cut by the plane containing the principal axes at P and Q. [Townsend. 

For let the principal axes at P, Q meet any principal plane at the centre of 
gravity in p, q, and let the perpendicular planes cut the same principal plane in 
LN, MN. Also let the perpendicular planes intersect each other in EN. Then 
RN is perpendicular to the plane containing the points P, Q, p, q. Also since the 
polars of p and <j are LN, MN, it follows that yiq is the polar of the point N. Hence 
the straight line RN satisfies the criterion of the last article. 

Ex. 5. If P be any point in a principal plane at the centre of gravity, then 
every axis which passes through P, and is a principal axis at some point, lies in one 
of two perpendicular planes. One of these planes is the principal plane at the 
centre of gravity, and the other is a plane perpendicular to the polar line of P with 
regard to the focal conic. Also the IOCUH of all the points Q at which QP is a priu- 
cipal axis is a circle passing through P and having its centre in the principal plane. 

[Townsend. 

Ex. C). The edge of regression of the developable surface which is the envelope 
of the normal planes of any line of curvature drawn on a confocal quadric is a 
curve such that all its tangents are principal axes at some point in each. 

62. Locus of equal Moments. To find the locus of the 
points at which two principal moments of inertia, are equal to each 
other. 

The principal momenta at any point P are 

I, = OP* - x, L = OP 2 - x + A 2 , / 3 = OP 2 - x + A 3 - 

If \ve equate J 2 and / 2 we have A 0> an d the point P must 
lie on the elliptic focal conic of the ellipsoid of gyration. 

If we equate I s and 7 3 we have Dj = D 3 , so that P is an 
umbilicus of any ellipsoid confocal with the ellipsoid of gyration. 



moments are therefore J x = J 2 = OP 2 +0, I 3 =A+jb-C, and the 
axis of unequal moment is a tangent to the focal conic. 

The second case may be treated in the same way by using; 
a confocal hyperboloid, we therefore have I 2 = I 3 = OP 2 + B, 
I 1 = A + CB, and the axis of unequal moment is a tangent 
to the focal conic. 

These results follow also by combining Arts. 57 and 58. The cone which. 
envelopes the ellipsoid of gyration and has its vertex at P must by these articles be 
a right cone if two principal moments at P are equal. But we know from solid 
geometry that this only happens when the vertex lies on a focal conic, and the un- 
equal axis is then a tangent to that conic. 

63. To find the curves on any confocal quadric at which a principal moment of 
inertia is equal to a given quantity I. 

Firstly. The moment of inertia about a normal to a confocal quadric is 
OP 2 -X. If this be constant, we have OP constant, and therefore the required 
curve is the intersection of that quadric with a concentric sphere. Such a curve is- 
a sphero-conic. 

Secondly. Let us consider those points at which the moment of inertia about a. 
tangent is constant. 

Construct any two confocals whose semi-major axes are a and a'. Draw any 
two tangent planes to these which cut each other at right angles. The moment of 
inertia about their intersection is the sum of the moments of inertia with regard to- 
the two planes, and is therefore B + C- A + a? + a' z . Thus the moments of inertia 
alout the intersections of perpendicular tangent planes to the same confocals are equal 
to each other. 

Let a, a', a" be the semi-major axes of the three confocals which meet at any 
point P, then since confocals cut at right angles the moment of inertia about a. 
tangent to the intersection of the confocals a', a" is I 1 = i? + C ( - A + a' 2 + a" 2 . 

The intersection of these two confocals is a line of curvature on either. Hence 
the moments of inertia about the tangents to any line of curvature are equal to one 
another j and these tangents are principal axes at the point of contact. 

On the quadric a draw a tangent PT making angles < and %ir - $ with the 
tangents to the lines of curvature at the point of contact P. If J 2 , I 3 be the 
moments about the tangents to these lines of curvature, the moment of inertia 
about the tangent PT=I 2 cos 2 <f> + Ia sin 2 

= B + G - A + (a"- + a?) cos 2 $ + (a 2 + a,' 2 ) sin 2 0. 

But, along a geodesic on the quadric a, a' 2 sin 2 <j& + a" 2 cos 2 is constant. Hence the 
moments of inertia about the tangents to any geodesic on the quadric are equal to 
each other. 

64. Ex. 1. If a straight line touch any two confocals whose semi-major axes. 
are a, a', the moment of inertia about it 



Ex. 2. When a body is referred to its principal axes at the centre of gravity, 
show how to find the coordinates of the point P at which the three principal 



Ex. 3. Let two planes at right angles touch two confocals whose semi-major 
axes are a, a! and let a, a' be the values of a, a' for confocals touching the inter- 
section of the planes ; then a 2 + a' 2 = a 2 + a' 2 , and the product of inertia with regard 
to the two planes is (aV 2 - a 2 a' 2 )4. 

65. Enuimomental Surface. The locus of all those points at which one of 
the principal moments of inertia of the body is equal to a given quantity is called 
an eguimomental surface. 

To find the equation to such a surface we have only to put I\ constant, this 
gives X=?- 2 -I. Substituting in the equation of the confocal quadric, the equation 
of the surface becomes 



, _ i _ =1 

* * ' 



Through any point P on an equimomental surface describe a confocal quadric 
such that the principal axis is a tangent to a line of curvature on the quadric. By 
Art. 63, one of the intersections of the equimomental surface and this quadric is the 
line of curvature. Hence the principal axis at P about which the moment of inertia 
is I is a tangent to the equimomental surface. 

Again, construct the confocal quadric through P such that the principal axis is 
a normal at P, then one of the intersections of the moinental surface and this 
quadric is the sphero-conic through P. The normal to the quadric, being the 
principal axis, has just been shown to be a tangent to the surface. Hence the 
tangent plane to the equimomental surface is the plane which contains the normal 
to the quadric and the tangent to the sphero-conic. 

To draw a perpendicular from the centre on this tangent plane we may follow 
Euclid's rule. Take PP' a tangent to the sphero-conic, drop a perpendicular from 
on PP', this ia tbo radius vector OP, because PP' is a tangent to the sphere. At 
P in the tangent plane draw a perpendicular to PP', this is the normal PQ to the 
quadric. From drop a perpendicular OQ on this normal, then OQ is a normal to 
the tangent plane. Hence this construction : 

If P be any point on an equimomental surface whose parameter is I, and OQ 
a perpendicular from the centre on the tangent plane, then PQ is the principal 
axis at P about which the moment of inertia is I. 

The equimomental surface becomes Presnel's wave surface when I is greater 
than the greatest principal moment of inertia at the centre of gravity. The general 
form of the surface is too well known to need a minute discussion here. It consists 
of two sheets, which become a concentric sphere and a spheroid when two of the 
principal moments at the centre of gravity are equal. When the principal moments 
are unequal, there are two singularities in the surface. 

(1) The two sheets meet at a point P in the plane of the greatest and least 
moments. At P there is a tangent cone to the surface. Draw any tangent plane 
to this cone, and let OQ be a perpendicular from the centre of gravity on this 
tangent plane. Then PQ is a principal axis at P. Thus there are an infinite 
number of principal axes at P because an infinite number of tangent planes can be 
drawn to the cono. But at any given point there cannot be more than three 



(2) The two sheets have a common tangent plane which touches the surface 
along a curve. This curve is a circle whose plane is perpendicular to the plane of 
greatest and least moments. Let OP' be a perpendicular from O on the plane 
of the circle, then P' is a point on the circle. If R be any other point on the circle 
the principal axis at E is RP'. Thus there is a circular ring of points, at each of 
which the principal axis passes through the same point, and the moments of inertia 
about these principal axes are all equal. 

The equation to the equimomental surface may also be' used for the purpose 
of finding the three principal moments at any point whose coordinates (x, ?/, z) are 
given. If we clear the equation of fractions, we have to determine I a cubic whose 
roots are the three principal moments. 

Thus let it be required to find the locus of all those points at which any 
symmetrical function of the three principal moments is equal to a given quantity. 
We may express this symmetrical function in terms of the coefficients of the cubic 
by the usual rules, and the equation of the locus is found. 

Ex. 1. If an equimomental surface cut a quadric confocal with the ellipsoid 
of gyration at the centre of gravity, then the intersections are a sphero-conic and a 
line of curvature. But, if the quadrie be an ellipsoid, these cannot be both real. 

For if the surface cut the ellipsoid in both, let P be a point on the line of curva- 
ture, and P' a point on the sphero-conic, then by Art. 59, OP~ + Di 2 = OP' 2 , which 
is less than A + X. But OP' 2 + D-? + D 2 2 = A + B + C + 3X, therefore D 2 2 > B + C + 2X, 
which is >.4+2X. Hence J) 2 > the greatest radius vector of the ellipsoid, which 
is impossible. 

Ex. 2. Find the locus of all those points in a body at which 

(1) the sum of the principal moments is equal to a given quantity I, 

(2) the sum of the products of the principal moments taken two and two 
together is equal to I 2 , (3) the product of the principal moments is equal to I 3 . 

The results are (1) by Art. 13, a sphere whose radius is {(I- A B- C)(M\^ y 

(2) by Art. 65, the surface 

(a: 2 + y" + 2 2 ) 2 + (A + B + C) (x- + y- + z-) + Ax' 2 + By z +Cz' 2 + AB + BC+CA = I 2 , 

(3) the surface A'B'G' - A'rj"z 2 - B'z*x z - C'x 2 y 2 - 2x*y 2 z 2 =I s , 
where A'=A+y 3 + z 2 , with similar expressions for B', C'. 



CHAPTER II 

D'ALEMBERT'S .PRINCIPLE, ETC. 

66. THE principles, by which the motion of a single particle 
under the action of given forces can he determined, will be found 
discussed in any treatise on dynamics of a particle. These prin- 
ciples are called the three laws of motion. It is shown that if 
(as, y, z) be the coordinates of the particle at any time t referred 
to three rectangular axes fixed in space, ra its mass, X, Y, Z the 
forces resolved parallel to the axes, the motion may be found by 
solving the simultaneous equations, 

d*ac v d*y d-z 

m-j- = X, m-j% = Y, m^f-~Z. 

dP dp dt- 

i 

If we regard a rigid body as a collection of material particles 
connected by invariable relations, we may write down the equa- 
tions of the several particles in accordance with the principles just 
stated. The forces on each particle are however no longer known, 
some of them being due to the mutual actions of the particles. 

We assume (1) that the action between two particles is along 
the line which joins them x (2) that the action and reaction between 
any two are equal and opposite. Suppose there are n particles, 
then there will be 3n equations, and, as shown in any treatise 
on statics; 3% unknown reactions. To find the motion it will 
be necessary to eliminate these unknown quantities. We shall 
thus obtain six resulting equations, and these will be shown, 
a little further on, to be sufficient to determine the motion of 
the body. 

When there are several rigid bodies which mutually act and 
react on each other the problem becomes still more complicated. 
But it is unnecessary for us to consider in detail either this or the 
preceding case, for D'Alembert has proposed a method by which 
all the necessary equations may be obtained without writing down 
the equations of motion of the several particles, and without 
making any assumption as to the nature of the mutual actions 
except the following, which may be regarded as a natural conse- 
quence of the laws of motion : 

The internal actions and reactions of any system of rigid bodies 

*'v> minfa'/m ft fa '/. atlll.l'.l.ilHl'.'lJ.'HI. fJ.m.mi.nfit, tll.ftm,Rftl,1MS. 



In the application ot tnis principle it win oe convenient 1 
use the term effective force, which may be defined as follows. 

When a particle is moving as part of a rigid body, it is acte 
on by the external impressed forces and also by the moleculi 
reactions of the other particles. If we consider this particle 
be separated from the rest of the body, and all these forces r 
moved, there is some one force which, under the same initi 
conditions, would make it move in the same way as befor 
This force is called the effective force on the particle. It 
evidently the resultant of the impressed and molecular forc< 
on the particle. 

Let m be the mass of the particle, (as, y, z) its coordinat 
referred to any fixed rectangular axes at the time t. The accel 

., .. , dV" d*y ' d?z 

rations of the particle are -^- , -^ and -^ . Let / be tl 

resultant of these, then, as explained in dynamics of a partia 
the effective force is measured by mf. - 

Let F be the resultant of the impressed forces, R the resulta: 
of the molecular forces on the particle. Then mf is the resulta 
of F and R. Hence if mf be reversed, the three F, R and ra/a 
in equilibrium. 

We may apply the same reasoning to every particle of eai 
body of the system. We thus have a group of forces similar to . 
a group similar to F, and a group similar to mf, the three grou 
forming a system of forces in equilibrium. Now by D'Alember 
principle the group R will itself form a system of forces in equi 
brium. Whence it follows that the group F will be in equilibria 
with the group mf. Hence 

If forces equal to the effective forces but acting in exactly oppos 
directions were applied at each point of the system these would be 
eqiiilibrium with the impressed forces. 

By this principle the solution of a dynamical problem 
reduced to that of a problem in statics.. The process is 
follows. We first choose some quantities by means of which t 
position of the system in space may be determined. We th 
express the effective forces on each element in terms of the 
quantities. These, when reversed, will be in equilibrium with t 
given impressed forces. Lastly, the equations of motion for ea 
body may be formed, as is usually done in statics, by resolving 
three directions and taking moments about three straight lines. 

68. Before the publication of D'Alembert's principle a vast number of dynami 
problems had been solved. These mav be found scattered through the ea 



The postulate of Huyghens, " that if any weights are put in motion by the force 

fif gravity they cannot move so that the centre of gravity of them all shall rise 

higher than the place from which it descended," was generally one of the principles 

of the solution : but other principles were always needed in addition to this, and 

it required the exercise of ingenuity and skill to detect the most suitable in each 

v . ase. Such problems were for some time a sort of trial of strength among mathe- 

^ maticians. The TraitS de dynamique published by D'Alembert in 1743 put an end 

../ to this kind of challenge by supplying a direct and general method of resolving, or 

V .at least throwing into equations, any imaginable problem. The mechanical diffi- 

/ -cultics wore in this way reduced to difficulties of pure mathematics. See Montucla, 

; Vol. in. page (515, or Whewell's version in his History of the Inductive Sciences. 

j D'Alembert uses the following words : " Soient A, B, C, &c. lea corps qui com- 

posent le systome, et supposons qu'on lour ait imprime les rnouvemeus, a, b, c, &c. 

qu'ils soient forces, a cause de leur action rmituelle, de changer dans les mouvemens 

j> a, b, c, &c. II eat clair qu'on pout regarder le rnouvement a imprime' au corps A 

> eommo coinpoei du mouvement a, qu'il a pris, et d'un autre mouvement a ; qu'on 

peut do mome regarder les mouvemens ft, c, <feo. comme composes dea mouvemens 

b, ft \ c, 7; Ac., d'oii il s'ensuit quo le mouvement des corps A, B, G, &a. entr'oux 

auroit 6tfs le memo, si au lieu do leur donner les impulsions a, b, c, on leur eut 

donn6 a-la-fois lea doubles impulsions a, a ; b, fi ; &c. Or par la supposition les 

corps A, IS, G, &o. ont pris d'oux-memes les mouvemens a, b, c, &c. done les mouve- 

( meuH a, /U, 7, cfec. doivont 6tro tola qu'ils no dorangont rien dans les mouvemens 

+*. a, b, e, itc. c'est-a-diro quo si les corps n'avoient rccu que'les mouvemens a, p, 7, 

f -&Q. CUH mouvomons auroiont du so dfitruiro mutuellemeut, ot lo systfime demeurer 

on ntpOB. Do la rcHiuto lo principo suivaut pour trouver le mouvement de plusieurs 

corps qui agiaaont IOB UUH sur los autro.s. Decompose?; les mouvemens a, b, c, <&c. 

iuipriuioB a. ohaquo corpw, ohaoun ou doux autrtm a, a ; b, /3 ; c, 7 ; &c. qui soient 

tels quo si Ton ri'eiU imi)rim6 axix corps quo IOB jwouvemcns a, b, c, &c. ils eussent 

pu consorvor IOH mouvoinons sans HO nuire rociproquoment ; et que ai on no leur cut 

imprimrt quo lew inouvuinunH a, /3, 7, &c. le systOmo fut domeur6 ou repos ; il esfc 

* clair quo a, b, o, ifec. soront IOB inouvcmenH que cue corps prendront en vertu do leur 
' .action. Co qu'il falloit trouvor." 

* 

Of). The following remarks on D'Alembert's principle have 
bccu vsupplicd by t>ir G. Airy : 

! I have soon omo BtatomontB of or remarks on this principle which appear 

to mo to bo erroneous. Tho })riuciplo itself is not a new physical principle, nor 

i .any addition to existing phynioal principles; but is a convenient principle of 

( combination of mechanical considerations, which results in a comprehensive 

^ procunH of groat olcguuco. 

'''' Tint tuoit id(!a, which dominates through tho invoatigation, is this: That every 

mtiHH of matter in any complex mechanical combination may bo conceived as 
containing in itself two distinct proportiim : one that of connexion in itself, of 
auflcoptilnlity to prosHuru-foroo, and of connexion with otlior such masses, but not 

' of iuortia nor of itnproHHionH of moinontum : tho otlior thftt of discrete molecules 

j| of matter, hold in thoir places by tho connexion-frame, susceptible to externally 

I irnwuHHod momentum, and poHaoHHing inertia. The union produces an imponderable 



